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INpegucioBue

10 yyebHoe mocobue mnpejHa3Ha4YeHO Ui MOATOTOBKH K PelIeHUIO
3aza4d C4 n3 ExnHoro rocyzapcTBEHHOIO 3K3aMeHa.

[MpeanonaraeTcs, YTO WKOIbHUK OCBOWJI LIKOJNbHEIN KypC IUIaHUMeT-
PHHM C OLIEHKOM He Hwxe 4. [lepeg paboToil ¢ 3TUM 33Ja4HUKOM Heobxo-
JMIMO MIOBTOPUTH OCHOBHBIE OIIpe/ieIeHHs U TEOPEMBI M3 LIKOJIBHOTO y4eb-
HHMKA. DTO TAKKe NOJE3HO Je/IaTh U B Ipolecce paboTH ¢ KHUTOH.

MNoco6ue HauMHaeTes ¢ AUarHocTHyeckoi paborsl. B Helt 15 3aza4 Ha
pasnuyHble TeMbl. Ec/ii B TeueHHe ABYX-TPEX 4acoB B pelliMTe He MeHee
NOJOBUHBI 33a4 3TOH paboTH, TO MOXXHO NIPUCTYNATh K paboTe ¢ OCHOB-
HBIMM pa3jiesiaMM 3ajadyHuka. Ecim sxe 60IbIIMHCTBO 3aja4 OKaXXeTCA BaM
HE 10 cwiaM, To, CKOpee BCero, 3a ocTaBllieecs A0 3K3aMeHa BpeMs BaM
He YAACTCA JOCTUTHYTh YPOBHSA, He0OX0AUMOTrO UIfl YCIIEUTHOTO PellleHUs
3azauu C4. B aToM cIyyae pasyMHee MCII0/Nb30BaTk 3TO BpeMs AJIA [I0Ar0-
TOBKH K APyTrUM 3aja4daM EI'D no matemaTHke.

[To xakoMy IpUHIMITY YCTPOEHBI pa3Aesbl 3afadHuKa? Ilpex e scero
pacCMaTpUBAIOTCA TreOMeTpUYeckHe KOHOHUrypauHH, Hanbosnee dacTo
BCTpedawliiecs B 3afayax WKOAbHOIO Kypca: KacalolHMecs OKPYyHOCTH,
NepeceKariquecs OKPYXHOCTH, BIIMCAHHBIE U ONMCAHHEIE OKDPYXHOCTH
TPEYTOJIbHMKA U YeTHIPEXYTOJbHUKA U T.ZA., CIOCOOBI HAXOXKAEHUA pas-
JHUYHBIX 37IeMEHTOB reOMeTpUYecKuX (GUryp — MezguaH, BHICOT, buccek-
TPUC TPEYTONbHUKA, PAJUYCOB BIIMCAHHEIX M OIMCAHHBIX OKPYXHOCTEH
U T. 1., @ TAK)KE HEKOTOPbIe OBIIEU3BECTHBIE METO/IbI PEILIEHUA [€OMETPH-
YecKHMX 3azad — MeToJ IUiolajel, MeTo BCIIOMOIAaTeIbHON OKPYXKHO-
CTH, YABOEHHEe MeJUaHbl U T. II.

Kaxxzpiil 13 15 pazaesioB HaulHaeTcsa ¢ pa3bopa COOTBETCTBYIOIIEH 3a-
Aa4y AMarHOCTHYeCKor paboTH (€C/IU BB pEIIWIN 3Ty 3a4a4y He TeM CIIO-
co00M, KOTOpPbII NIPUBOJAMTCA HAMH, 5TO TOXE XOPOIIO: IJIaBHOE, YTO 3a-
Aaya pellieHa IPaBWIBHO). 3aTeM GOpMyIUDPYIOTCA HEKOTOPBIE YTBEPXKAe-
HMsA, IOMOralye pelinTh 334a44 AaHHOTO paszena. Bo MHOrux orydanax
310 aKTHl, KOTOPHIE HE paCCMaTPHUBAIOTCS B IUIKONBbHBIX y4eOHMKaX B Ka-
YecTBE OCHOBHBIX, HO YacTO cojepXaTcd Iocjie COOTBETCTBYIOIIMX I71aB
yde6GHHKa B KauecTBe 3a/1a4. [locsie 3TOro NpUBOASATCA IPUMEPHI PelIeHUS
3ajla4 C UCIIONIb30BAHUEM 3THX JaKTOB.

Pazgen 3akaruMBaeTCA CIIMCKOM 33jad /IS CAMOCTOSITEJIBHOIO pe-
menus. IlepBaA 4acTb CIIMCKa — IOATOTOBUTE/IbHBIE 33Za4l — COCTOUT
H3 OTHOCHUTEJBHO IIPOCTHIX 334ay, pellaeMHIX B ABa-TpM xoja. Bropas
4acTb — TPEHHPOBOYHbIE 33724 — COCTOUT U3 Gosee CIIOKHBIX 3ajay,
YPOBEHb KOTOPHIX, 3a UCK/IIOYeHHEM 3a4ad CO «3BE3JOUKOM», IPHMEPHO



4 [Tpeaucnosue

COOTBETCTBYeT YPOBHIO 3aAa4 C4. 3aauy €O «3BE3A0YKON» BhIlIE ITOrO
ypoBHA. PeimB 1o 6-7 TpeHUPOBOYHBIX 334a4, Bbl MOXeTe NPUCTYIaTh
K AVIarHOCTUYeCKUM paboTaM, paclioloXKeHHBIM B KOHIe nocobust. B kax-
no# Tako# paborte 6 3azad. PaboTa paccuuTaHa npuMepHoO Ha 2 yaca. Ecnu
3a 5TO BpeMA BHL pelllaeTe He MeHee IIATH 3a/1ay — 3TO OTIMYHBIA pe3yb-
TaT. EUln MeHee 4eThIpéX, peKOMeHyeM ellé NopelaTh TPeHUPOBOYHBIE
3a/lauM, a [OCJIe 3TOTO BO3BPATHUTHCH K AUArHOCTUYECKUM paboTraM.

HanomMHuM, 9TO 3ajja4ya CYUTAETCH PEIIEHHOM, eciM HaWJeHH Bce eé
pellleHHa U AaHE 060CHOBAHMA BCEX UCIONb30BAHHBIX YTBEpXKAeHUH. Pa-
3yMeeTcs, IIpH 3TOM MOXHO CChUIATHCA Ha TEOPEMBI U3 LIIKOMBHOro y4yeb-
HUKa. O6paTHTe BHUMaHHKeE, YTO MHOrHe U3 3aja4y C4 uMeloT 6osee ogHO-
TO pelleHus.

Ko BceMm 3ajayaM AaloTCA OTBETHl, a K HEKOTOPhHIM Haubosee Tpya-
HBIM — U YKa3aHUA.

B npunoxeHHH PUBOAATCA pa3jHyHble HHTEPECHBIE U 10JIe3HbIe dakK-
THI 3/leMeHTapHOH reoMeTpHH. VX MOXKHO HCIONb30BaTh [IPH pelIeHHH
3a/la4y Ha SK3aMeHe, HO 1P 3TOM eCJIX OHM He BXOZAT B LIKOJbHBI yueb-
HUK, TO B 3K3aMeHALMOHHOH paboTe HeoOXOAMMO NPUBECTH MX A0Ka3a-
TEJIbCTBA.



AunarHocTuyeckas pabora

1. B npsamoyronbHOM TpeyronbHUKe ABC runoreHy3a AB pasHa ¢
U ZABC = a. Hailaure Bce MeZIMaHBI B 3TOM TPEYTOJbHHKe.

2. B tpeyronsHuke ABC nposefiena meguaHa BM. HsBecTHO, 4TO

sinZABM _ 1 . . BC
—sinLCBM =5 auauTe OTHOUIEHHE AB"

3. B BHITYKJIOM 4YeTHIpEXyronbHuKe ABCD oTpe3ku, coeAMHAIONINE Ce-
PEAUHBI IIPOTHUBOIIOJIOKHBIX CTOPOH, NepeceKaloTcs moj yrioM 60°, a ux
JAAVHBL OTHOCATCA Kak 1:3. YeMy paBHa MeHblIaAg AUArOHAIb YETHIPEX-
yronsaUKa ABCD, ecnu 6osblias pasHa v/ 39?

4. HaitguTe 1uiomazb Tpanenuy ¢ OCHOBAHMAMH 18 U 13 1 60KOBLIMU
CTOpPOHaMHU 3 U 4.

5. CropoHH TpeyrolbHMKa paBHH 3 B 6, a yroa MeXJy HUMHU paBeH
60°. Haitante GMCCEKTPUCY TPEYTOJIbHUKA, NPOBEAEHHYIO U3 BEPLIMHBI
3TOTO yTJIa.

6. Toukn M u N — cepeaiHbI CTOPOH cooTBeTcTBeHHO BC u CD napain-

nenorpamma ABCD. Orpe3ku AM u BN nepecexarwTtcsa B Touke O. Haiau-

TE OTHONIEHHE M9
OA*

7. B Tpeyronbuuke ABC meguana AD ¥ 6uccexTpuca BE nepneHauKy-

JIApHHI U NlepeceKaoTcs B Touke F, M3BecTHO, 4TO II0ILaAb TPEYrOIbHUAKA
DEF paeHa 5. Haijaute womaas TpeyroabHuka ABC.

8. M3 Touku M, nexanieil BHe OKpYXHOCTH ¢ eHTpoM O U paauycoM R,
npoBefieHbl KacaTesnbHele MA 1 MB (A u B— T1ouku kacaHus). [IpsmMeie
OA u MB nepecekawrcs B Touke C. Hadiaute OC, ecnu U3BeCTHO, YTO
oTpe3oK OM AeJIUTCA OKPYAKHOCTBIO IIONOJIaM.

9. OKpYy>HOCTH ¢ LeHTpaMu O; U O, KacawTcA BHeLIHHM o6paszom
B Touke C. [lpAaMas kacaeTcA 3THMX OKDPYXXHOCTEH B pPa3jU4YHBIX TOY-
Kax A u B coorBercTBeHHO. Haigure yron AO,B, ecin uaBecTHO, 4YTO

tg ZABC=1.

10. Ha xaTeTax IpAMOYTOJIBHOIO TPEyTOJIbHUAKA KK Ha [UaMeTpax Mo-
CTPOEHBI OKPYXHOCTH. HaliziuTe Mx ob1IyI0 XOp/y, ecim KaTeThl paBHH 3
u4.

11. Haitaute pagdychl BIHMCAHHOM M ONMCAHHOM OKPYXXHOCTel Tpe-
YTOJNBHUKA CO CTOpOHaMHU 13, 13, 24 1 pacCcTOAHHUE MeXAy LIeHTPAMHU 3THX

OKpYXKHOCTeH.



6 Juarnoctuueckas pa6ora

12. Ha npozomxeHnu JuaMeTpa AB OKPY>XHOCTH OT/IOXKeH oTpe3ok BC,
paBHbIi AuaMeTpy. [Ipaman, npoxoasuias yepes ToUKy C, KacaeTcs OKpY»-
HocTHU B Touke M. HaiiguTte rwromazgb Tpeyroaibhiuka ACM, e paguyc
OKPY>KHOCTH paseH R.

13. OXpy:XHOCTDb S IIPOXOAMT Yepe3 LIEHTP OKPYKHOCTH S, U Ilepeceka-
eT eé B Toukax A 1 B. Xopaa AC OKpYKHOCTH S| KacaeTcd OKPYXXHOCTH S,
B TOUKe A U JAeIUT NEePBYI0 OKPY>XHOCTb Ha JAYTH, I'paJyCHEIE Mephl KO-
TOPBIX OTHOCATCA Kak 5 : 7. Haiigute rpafycHble Mephl AyT, HA KOTOphIe
OKPYKHOCTD Sq ACJTHTCA OKPYXHOCTBIO S .

14. Ha ctopoHe AB Tpeyroinphuka ABC oTrMedena toyka D, npuuém
/BCD = /BAC. UsBecrHo, uto BC =a, AC=b, AB =c. Hafigure CD.

15. Yt npu BepmyiHax A U C tpeyronsHuka ABC paBul 45° u 60°
cooTBeTCTBeHHO; AM, BN 1 CK — BHICOTH TpeyronbHUKa. HaliguTe oT-

HOILIEeHHEe MN
KN~



§1. MeauaHa NpsIMOYTOJIBHOTO TPEYTOJBHHUKA.
PerteHue 3a7a4u 1 U3 AUArHOCTUYECKONH pabOTHI

1. B npaMoyronbHOM TpeyronbHuke ABC rumnoreHysa AB paBHa ¢
U ZABC = a. Halizure Bce Me&HaHbI B 3TOM TPEYTOMBHHUKE.

Omeem: %, %-\/1+3c052a, %-\/1+35in2a.

Pemenue. Ilockonbky MeauaHa g
NPSIMOYTONBbHOTO TPEYrONbHUKA, TpOBe- ¢/2
A€HHAasA U3 BePLIXHBI IPAMOrO yI/1a, paBHa
TI0JIOBUHE THUIIOTEHY 3B, Mearana CM pas-

ha <. K X

Tycts K — cepeauna BC. Torpa CK = ¢/2
= %BC = %AB cosa = %c cosa. Ilo Teo- )
peMe ITudaropa U3 NpAMOYTOIBHOIO TPE- (O N A

yronbHuka ACK HaxoauM, 4To

2
AK = VAC?+CK? = \/(ABsina)2+ (%ABcosa) =
= %\/4sin2a+cosza = %\/4sin2a+1—sin2a = %V 1+ 3sina.

AHAJIOTUYHO HAXOAUM MeAuaHy BN. <

* % %

Teopema. Meduana npsamoyz0/bHO20 MpeyzoabHUKA, NPOBE0EHHAA U3
8eplUIUHbL NDAMO20 y2na, PABHA NONOBUHE 2LUNOMEHY3b.

JdoxkasaTtenbcTBo. [lycte ABC — IpAMOYTOJABHEINA TPEYTONb-
HUK C IIPAMBIM yIJIOM IpH BepummHe C. O6o3Hayum ZBAC =a, ZABC=f3.
Toraa a + f=90°.

Ot syya CA B NOAYIUIOCKOCTD, COJepKalllyto TOUKY B, OTIONUM yron
ACE, paBnbi#t a. Torga nyd CE mpoXoAUT MeXIYy CTOPOHaMH yria ACB,
Tak Kak a = ZACE < ZACB=90°. TloatoMy cTopoHa CE aToro yria nepe-
ceKaeT CUIoTeHy3y AB B KHekoTopoil Todke M.

B




8 § 1. MeguaHa NpAMOYTOIBHOTO TPEYIOJIbHUKA

Tpeyronbuuk AMC paBHOOeApeHHBIH, NockonbKy LACM = ZCAM,
3”aunt, CM = AM. C Apyroil cTOpoHBI, TpeyroabHUK BMC Takxe paBHO-
6epeHHEBIH, TOCKOJIBKY

/ZBCM =90° — LZACM =90°—a = 8 = ZCBM.
3Hauut, CM = BM. CnegoBaTenbHo, M — cepenHa rHNOTEHy3H AB, T. e.

CM — meauaHa TpeyroabHuka ABC u CM = %AB. Yro u Tpeboranock A0-
Ka3arh. O

Teopema (o6paTtHan). Ecau meduana mpey20bHUKA PABHA NONOBUHE
CMOpOHbL, K Komopoll oHa npoeedeHd, Mo mpey2oNbHUK NPAMOY20NbHbIL.

PaccMOTpHM HecKONBKO NPUMepOB IPUMEHEHHSA JOKa3aHHOI'O BhILIE
CBOMCTBA MeAMAaHHBI INPAMOYTOJIBHOTO TpPeyTOJbHUKA, NPOBEAEHHON U3
BEpIIMHEI IIPAMOTrO yIJia.

IIpumep 1. HaitauTe runoTeHy3y NpAMOYTrOJbHOTO TPEYTONbHHUKA C
OCTPHIM yIJIoM 15°, eciM U3BECTHO, YTO BBICOTA TPEYTOJIBHHMKA, OITyIIeH-
Has Ha THIIOTeHy3y, paBHa 1.

Omeem: 1.
PemeHue. I[lycte CH—BbicOTa NpPAMOYTOJIbHOIO TPEeyTONbHUKA
ABC, npoBeféHHasA W3 BepIUMHBI npsMoro yma C, ZA = 15°. Ilpose-

ném MeamaHy CM. Torma ZCMH — BHelIHW# yron paBHOOeApeHHOro
TpeyroibHuka AMC, nosromy ZCMH = 30°. M3 npsAMOYTro/lbHOTO Tpe-

c A
yroabHuka CMH naxoaum, uyro CM = 2CH = 2. CnegoBaTenbHo, AB =
=2CM=4. <

Ilpumep 2. Yepes ocHoBaHue OuccekTpuchl AD paBHOOGEJPEHHOTO
TpeyrojbHHKa ABC ¢ BepmuMHON B NpoBeA€H NepneHAUKY/IAp K 3TOH

6ucceKTpHce, lepeceKaolui npamyio AC B Touke E. HalauTte oTpe3ok
AE, ecsi1 u3BecTHO, yTo CD =4,

Omeem: 8.

Peue Hu e Ormernm cepeauHy M oTpeska AE. OTpesok DM — Me-
JMiaHa TIPAMOYTOJILHOTO TPEeYrojibHUKa ADE, NpoBeAE€HHAA U3 BEepIIHHLI
[pAMOro yriaa, nostomy AM =DM =ME.



Pelenue 3a4a4y 1 M3 AUarHocTHyeckoil paboTsl 9

A — E C
O6o3Hauum ZBAC = ZBCA = a. Tlo TeOpemMe O BHEIIHEM yTje Tpe-
YrOJIbHUKA
/DME = /DAC + ZADM = %+% = a = /DCM,

3HAYMT, TpeyronbHUK CDM paBHOOeapeHHHIA. CiegoBaTenbHo, AE =
=2DM =2DC=8. <



IToaroTOBUTE/IbHBIE 3a/]la4YH

1.1. T'nnoTeHy3a NpAMOYTOJIbLHOTO TPEYTONBLHUKA paBHa 4. HaiauTe pa-
AUYC OIIMCAaHHOH OKPY>XHOCTH.

1.2. Mepuana, nposea€HHast K THIIOTEHY3e [1PAMOYTO/IBHOIO TPEYTo/lb-
HUKa, paBHA M Y AJHUT NPSAMOM yToNI B OTHOIIEeRUH 1 : 2. Haiiaure cTopo-
HHI TpEYTONbHHUKA.

1.3. MeaunaHa IpAMOYTO/ILHOTO TPEYTOJABHHUKA, IPOBEAEHHAA K THIO-
TeHy3e, pa3buBaeT ero Ha ZBa TpeyrolbHHKa C iepuMeTpamu 8 u 9. Haii-
JAUTe CTOPOHHI TPEYTOJbHUKA.

1.4. B tpeyronpauke ABC k cropoHe AC NpoBejeHb! BoicoTa BK u me-
nvaHa MB, npuuyém AM = BM. Haiinure kocunyc yrna KBM, ecin AB=1,
BC=2.

1.5. OKpyXHOCTB, ITOCTPOEHHasA Ha KaTeTe [IPAMOYTOIbHOIO TPEYTOJlb-
HHKa KaK Ha AMaMeTpe, AeIUT FUIOTeHy3y B oTHoueHuH 1 : 3. Haiaure
OCTpBI€ YTJIbl TPEYTONbHHKA.

1.6. Toyka D — cepearHa FUNIOTEHY3bl AB MPAMOYTONLHOTO TPEYTO/b-
HHKa ABC. OKpyXHOCTb, BICaHHaA B TpeyroabHUK ACD, xacaeTrcs OT-
pe3ska CD B ero cepeauHe. Haiiziute ocTphle yrinl TpeyroibHuka ABC.

1.7. B npAMOyTO/NbHOM TpeyronbHuKe ABC U3 BeplLIMHBI NPAMOTO yT-
na C npoBeneHs! 6uccektpuca CL u Mexuana CM. Haitaute wiomans Tpe-
yroabHuka ABC, eciu LM =a, CM =b.

1.8. BHe npsamMoyroapHoro TpeyroibHMka ABC Ha ero karerax AC
U BC noctpoenn kBagpathl ACDE u BCFG. Ipogomxenue meguansl CM
TpeyroibHuka ABC nepecekaeT npamyio DF B Touke N. Hanzaure oTpe-
30K CN, ecyu KaTeThl paBHHL 1 U 4,

1.9. BeicoTa NpAMOYTOMBHOIO TPEYTONbHHKA, [TpoBeAEHHAA U3 BepllIU-
HbI IIPAMOTO yIJIa, paBHa a U o6pasyeT yroa o ¢ MeauaHoMH, poBeJEHHOMH
U3 Toi e BeplIKMHEL. HaliguTe kaTeThl TpeyronbHHUKA.

TpeHMpPOBOYHEIE 3a/la4yU

1.10. MeauaHa nIpsAMOYTOILHOTO TPEYTONIbHUKA, TPOBeAEHHAA K THIIO-
TeHy3e, pa3buBaeT ero Ha iBa TPeyrolbHUKA C IepUMeTpaMu m u n. Haii-
JIUTe CTOPOHBI TPEYTOJIbHUKA.

1.11. B npamoyroapHoM Tpeyronbhuke ABC (ZC = 90°) mpoBeaeRH
Beicota CD u Meauana CE. [Inomaau tpeyronbHUKOB ABC u CDE paBHH
cootBeTcTBeHHO 10 u 3. Haiiaute AB.



TpeHUpPOBOYHBIE 334U 1

1.12. B npsaMoyroasHOM TpeyroasHuKe ABC kxateTnl AB u AC paBHHI 4
1 3 cooTBeTCTBeHHO. Touka D aenuT runoreHy3y BC nonosnaM. Hakzure
PACCTOAHUE MEXY LLEHTPAMH OKPYXKHOCTEH, BIIMCAHHBIX B TPEYTOJIBHUKY
ADC un ABD.

1.13. KaTeT IpAMOYTOJBHOI'O TPEYTOJIbBHHKA PaBeH 2, a IIPOTHBOJIeXa-
wpi eMy yron paseH 30°. HailguTe paccTosTHHE MEXAY LEHTPAMHU OKPYXK-
HOCTEM, BIIICAHHBIX B TPEYTOJIBHUKH, HA KOTOPHIE JaHHbIN TPEYrolbHUK
JEINTCA MeIWAHOH, IIPOBEAEHHON U3 BEPIIMHBI IPAMOIO yTIa.

1.14. B yeTpipéxyroneHuke ABCD anaroHanu AC u BD neplieHAHKY-
JIAPHHI U IlepeceKaloTca B Touke P. OTpe3ok, coefHHAOUMN BepminHy C

¢ cepeguHON M otpeska AD, paBeH E, AP =1. PaccTtosaHHe OT TOYKH P Ao

oTpeska BC paBHO l. Haiigure AD, ecii U3BECTHO, YTO BOKPYT YETHIPEX-
yronbEHKa ABCD MOXHO ONHCATh OKPYXXHOCTD,

Ykxa3aHHUe I[lycte H— OcHOBaHHe NePIEHAUKY/IAPA, OMYILEHHO-
ro 43 Touku P Ha cropoHy BC. Toraa Touxut M, P nu H nexar Ha ogHOH
npsAMoi, a TpeyronbHUK PHC nopobeH TpeyroibHUKy APD.

1.15. CpeaHsasa JTUHUA TpanelUH paBHA 5, a OTpPe30K, COeAUHAIOUTUH
cepeAHHBI OCHOBaHMH, paBeH 3. YIuIbl IpH 60/1blIeM OCHOBAaHHH Tpalleluy
paBubl 30° 1 60°. HaiiauTe mwiomazapb Tpanenuu.

Ykasanwue. Ecmm cymma yIJIoB IPH OCHOBAHUM TpalneuuU pas-
Ha 90°, TO OTpe30K, COeHAIOIHIA cepeAMHBl OCHOBAHUM, paBeH IOJY-
pa3HOCTH OCHOBaHHIA.

1.16. CpejHsAs JUHUA TpanelUu paBHa 4, YIbl IPU OAHOM U3 OCHO-
BaHMit paBHbI 40° u 50°. HafiauTe ocCHOBaHHUA TpallelyH, eCy OTPE3OK,
COeIMHAIOINE cepeJUHBI OCHOBaHU, paBeH 1.

1.17. luaroHany Tpaneuuu nepreHAUKyaApHbl. OaHa M3 HUX paBHa 6.
OTpe3okK, cCoeANHSAIOIMNI cepeJUHBI OCHOBaHUM, paBeH 4,5. HaliauTe 1io-
majp TpanenuH.

1.18. Ilpamad, napajiieabHad TCHIIOTEHY3e AB IIPAMOYTOJIbHOIO Tpe-
yronibHHKa ABC, nepecekaer kareT AC B Touke D, a kaTeT BC — B Touke E,
npuyéM DE =2, a BE = 1. Ha runoreHyse B3sfTa Taxad Touka F, 4To
BF = 1. UaBecTHO Takke, yTo ZFCB = a. HaliauTe 1oiagpb TpeyrolbHUKA
ABC.

Yxaszanwue. Ilyctb M —cepeaguna DE. Tornaa BEMF — poM6, a
CF — 6uccexrpuca yrina MCE.

1.19. T'unoreHysa AB npsiMmoyroisHoro TpeyroabHuka ABC saBiserca
XOpAo# OKpYKHOCTU paZuyca 10. BepiinHa C AeXUT Ha JUAMETPE OKPYX-
HOCTH, KOTOPbIH NapajiieseH runotenyse. Yroa CAB paseH 75°. Haiigure
mwiomaas Tpeyroaibiuka ABC.
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Yk a3aHHe. OMycTHTe NepleHAUKYIAP U3 LIeHTPa OKPY>XHOCTH Ha
Xopay AB ¥ coeAMHHUTE €ro OCHOBaHHe ¢ TOUKO# C.

1.20. I'mnoteHy3a KM npsAMoyroiabHOro TpeyroabHuka KMP sipisiercs
XOpZAOi OKPYXXHOCTH paguyca v 7. Bepluuna P HaXoAWTCA Ha AUaMeTpe,
KOTODHIH NapasulesieH 'UNoTeHy3e. PacCcToAHME OT LIEHTPa OKPY>KHOCTH J0
TMIIOTEHY3H paBHO v/ 3. HallzuTe ocTphie yraibl TpeyronbHuKa KMP.

1.21. B TpeyronbHuke ABC u3BecTHO, uT0 AB=c, AC=b (b>c), AD —
6uccexrpuca. Yepes Touky D npoBesieHa npsimas, epleHANKyaspHas AD
U nepecekarwoman AC B touke E. Haiiaure AE.

Yka3aHue Coegunure Touky D c cepeayHol orpeska AE.

1.22. Touka E sexuWT Ha cropoHe AC paBHOCTOPOHHETO TPEYTO/NbHU-
xa ABC; Touka K — cepeauna otpe3ka AE. [IpaMasi, npoxoasias 4epes
TOYKy E nepneHauKynapHO npsaMod AB, u npsmas, IpoxofAlas yepe3
Toyky C nepnesJUKyIApHO NpAMoi BC, nepecekaioTca B Touke D. Hail-
JAUTe YIVIBI TpeyroabHuka BKD.

YkaszaHue. Touxu B, C, D, K U Touka nepeceueHHs: IpAMEIX AB
u DE nexaT Ha OKPY>XKHOCTH C JuameTrpoMm BD.

1.23. B tpanenuu ABCD Toyka K — cepeguHa ocHoBaHHMA AB, M —
cepeauHa ocHoBaHuA CD. HaiiauTe mwiomaAb Tpanenyy, ecjiy U3BEeCTHO,
gyro DK — 6uccekTpuca yria D, BM — 6uccekTpuca yria B, Haubonbluui
U3 YIVIOB IIPU OCHOBaHUU AB paseH 60°, a nepumeTtp paseH 30.

1.24% B tpeyronbHuxke ABC wusBectHsl ymasl: ZA = 45°, /B = 15°.
Ha npozaomkenun ctopoHbl AC 3a TouKy C B3fTa Touka M, NpHYEM
CM =2AC. Haitaute yron AMB.

YkaszaHHue. [ycts K —cepeguna CM, a O — ocHOBaHHe NepIlleH-
AUKynapa, onylesHoro u3 Touku M Ha BC. Torpa ZAOK =90°, a O —
LIeHTPp ONMCAHHOW OKPY>XHOCTHU TpeyrojbHukKa AMB.

1.25% B TpeyronbHuke ABC u3BecTHO, uTo AB = AC u yron BAC Tymio#i.
Iycts BD — 6uccekTpuca TpeyroibHiuka ABC, M — ocHOBaHHE IepIieH-
AUKYNApa, ONyIeHHOTO U3 A Ha cTopoHy BC, E — OCHOBaHMe IlepIieH-
AUKynapa, onyueHBoro U3 D Ha cropony BC. Yepe3 Touky D npoBeaéH
Taxxe NepleHAKYAAp k BD no nepeceuenus co croponoii BC B touke F.
H3BecTHO, yro ME = FC =a. Haliaure niomags TpeyroasHuka ABC.

YkasaHHue. [lycte T —cepeauna BF. Toraa DT =DC.

1.26* OcTpsri1r yron npu BepuinHe A pomba ABCD paseH 40°. Yepes
BepIIMHY A U cepeAuHY M cTtoponbl CD nipoBejieHa 1psaMasi, Ha KOTOPYIO
OITy1lleH nepneHAuKyap BH n3 Bepurunnt B. Haiaute yron AHD.

YxaszaHnue. Ilycth npameie AM U BC nepecexarwTcd B ToOuke P.
Torga C — cepeauna BP u HC =BC =CD.



§ 2. YaBoeHHe MeANaHBbl.
PelmneHHe 3a71a44 2 U3 AUATHOCTUYECKOH paboThI

2. B tpeyroaenuke ABC mnpoBeigeHa MeauaHa BM. M3pecTHO, 4TO

sin/ABM 1 . BC
= 5 Hamn’re OTHOILIIeHHUue

sinZCBM — AB®
Omsem: %
P e m e H ¥ e. Ha npogo/mxeHNM MeAMaHbI B

BM 3a TOo4ykKy M OTIOXMM OTpe3ox MD, pas-
Hbl BM. lnaronanu AC u BD 4eThIpEXyTOIb-
HHKa ABCD penarca Toukoi NepeceyeHus M
nononaM, 3Hauut, ABCD — napajunenorpaMm. M
Moatomy A i

AD=BC u /ADB= /CBM.

[To TeopeMe cUHycOB U3 TpeyroabHuka ABD
HaXoAHUM, 4TO

D
AD _ sinZABD _ sinZABM _ 1
AB ~ sin/ZADB T sin/ZCBM T 2
CrenoBaren BC _AD _1
AOBATEIIBHO, g =4 = 2°

% %k %

Bo MHOrux cjy4asx A pelleHUs 3ajadd yAoOHO MpUMEHHUThb TaKoe
AOTIOMHUTENBHOE NIOCTPOEHHE, Mbl OyZieM Ha3bIBaTh €ro yABOEHHEeM MeJH-
aHBbl.

Ha npomomxeHnn mexnaHel AM TtpeyronbEMka ABC 3a Touky M
OTIIoXHMM oTpe3ok MD, paBHbiit AM. Torga auaroHanu AD u BC 4eTnl-
péxyronbHuka ABDC Touko# nepecedeHuss M gensarcs HolosaM, 3Ha4HT,
ABDC — napainenorpamm. Jlajee INpUMeHAeM CBOIICTBA Napasuielio-
rpaMma.

IMpuMmep 1. HaiiguTe omaab TpeyroJabHUAKA, €CIH ABE €0 CTOPOHE
paBHHI 11 /15, a MeauaHa, NpoBeléHHaNA K TPETLEH, paBHa 2.

Omaem: VI3
maerm: T

Pemenmune. Ilyctb AM — MmeanaHa TpeyronsHuka ABC, AM = 2,
AB=+15, AC=1. Ha npoaomxennu MmeauaHsl AM 3a TOuKy M OTJIOXUM
orpe3ok MD, paBubii AM. Toraa ABDC — napasuieyiorpaMmm, IO3TOMY
BD=AC=1.
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TpeyronbHuk ABD NpAMOyroibHBIA, Tak kKak AD? = AB2 + BD?. Cie-
AOBAaTEJIBHO,

=

Saasc =Samp = —5 - <
INpumep 2. CTOpPOHBI TPEYrOJIbHUKA paBHH a, b, ¢. JJokaxuTe, 4TO
MezAUuaHa, NMpoBeA€HHAasA K CTOPOHE ¢, paBHa % v 2a%+2b% — ¢

JoxasaTeanbcTBo. Ilyctb AB=c, BC =a, AC =b—cTopoHbI
Tpeyronbhuka ABC; CM =m — MefnaHa TpeyroJibHuKa.

Ha npoaomxenun meauansl CM 3a TOYKy M OoT/IOXUM OTpe3ok MD,
paBHeill CM. Torga ACBD — napanienorpamm. [loaTromy

CD? + AB? = 2(AC?+BC?), wm 4m?+c? =2(a®+b2).
OTcroga Haxo0AUuM, YTO

m? = %(2a2+2b2—c2). O
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IIpumep 3. ILiowazae TpeyroabHUKa ABC papHa S. HaiauTe mwiomaan
TpeyroJbHUKa, CTOPOHBI KOTOPOTO pPaBHH MeAuaHaM TpeyroabHuka ABC.

3
Omeem: 4S.

Pem e Hu e. IlycTb M — TOUKa NepecedyeHUs MeJUaH TPeyTroJIbHHKA
ABC, A,, B, C; — cepeaunsl cTopoH BC, AC U AB COOTBETCTBEHHO, S —
IowazAb TpeyroibHuka ABC, ' —Iuomajr TpeyroJbHMKA, COCTaB/IeH-
HOI'O M3 MeJHuaH TpeyroiasHuka ABC.

A

Ha npogomxenun Mmezuanel MA, TpeyronbHuka BMC 3a Touky A,
OTIONUM OTpe3oK A;D, paBHBIH MA,. MeauaHsl TpeyroibHUKa JesT-
Cfl UX TOYKOIl NepeceyeHHsA B OTHOLIEHMH 2 : 1, cuMTasd OT BepIUHHEI,

nostomy MD =2AM =AM = %AAI. YeTrlpéxyronsuuxk MBDC — napajt-

Jiesorpamm, nostomy CD =BM = %BBI. Kpome Toro, CM = %CCl.

Taxum o6pa3oM, TpeyTroJIbHHK, COCTaBIEHHEIH 13 MeIUaH TPeyroNbHHU-
ka ABC, nopoben TpeyronsHuky MDC, npuuéM koa$pdHUIHEHT mogobus
3 9
PaBeH 3, 3HAYMT, §'= ZS AMDC-
H3BecTHO, wTO MeguaHbl pa3bUBalOT TPEYTOABHUK Ha IIeCTh paBHOBeE-
JIMKUX TPeyroJbHUKOB, [TO3TOMY

1 1
SAAlMC = gS, a Sampc = 2SAA,MC = §S-

CilegoBaTesbHO,
9 91 3
Sl = ZSAMDC = Z . _S = ZS. <
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Ilpumep 4. JlMaroHaay Tpamnelyy paBHBH 3 U 5, 4 OTPE30K, COe/IMHA-
FOIMH cepeiMHEI OCHOBAHHH, paBeH 2. HaliauTe m1oliaab TpanenyH.

Omeem: 6.

Peuwrenue. Ilycte M u K — cepeaunsl ocHoBanu#t BC u AD Tpa-
neuuu ABCD, AC =3, BD = 5. Yepe3 BepluinHy C MEHbBIIEr0 OCHOBA-
Hua BC npoeeféM NpAMYylO, NapaUlebHYIO Auarosanu BD, ao nepe-
ceueHUs ¢ npsaMoi AD B Touke P u npsmylo, napauiensHyio MK, ao
nepecedenus c npamMoit AD B Touke Q. Torna

AQ = AK+KQ = AK+MC = %AD+%BC=

= 2(AD+BC) = 3(AD+DP) = 1AP,

nosroMy CQ — mezanana tpeyroabHuka ACP. Teniepb U3BECTHO, YTO
CQ:MKZZ, AC:3, CP =BD = 5, SABCD :SAACP'

Ha npoaomxenun MezinaHu CQ 3a TodKy Q OT/IOKUM OTpe3oK QF , paBHbIH
CQ. CropoHHI TpeyrosbHHKa CFP paBHbI:

CF=20Q=4, CP=BD =5, FP=AC=3.

3TO0T TpeyronbHUK mpAMoyToibHbi (CP? = CF? + PF?), noatomy

SACFP - %'CF'PF = 6.
CienoBatenbHO,
Sasco = Saace = Sacrr = 6.

(KcraTth, orpe3ok MK mpoxoauT depe3 TOYKY IepecedeHHUs AuaroHaien
Tpaneluny, HO 3TO HaM He NIOHaJo6WIoCh.) <



IMoaroToBUTEJAbHBIE 3a4a4H

2.1. Meauana AM rtpeyroipHuka ABC paBHa m 1 obpasyer co CTOpo-
HaMu AB u AC yriel a ¥ 8 cooTBeTcTBEHHO. HallzuTe 3TH CTOPOHHL.

V3

2.2. B tpeyroneHuke ABC u3sBecTHO, 4T0 BD — MeanaHa, BD=AB-—,
a ZDBC =90°. HaiiguTe yron ABD.

2.3. HaitauTe miomaab TpeyrojlbHUKa, eClld JBE CTOPOHEI €r0 COOTBET-
CTBEHHO paBHH 27 ¥ 29, a MeJuaHa, IpoBeASHHAA K TPeThel, paBHa 26.

2.4. CropoHBl TpeyrojibHUKAa paBHbI 11, 13 u 12. Halizure meaunany,
NpoBeAEHHYI0 K Oosblieit cropoHe.

2.5. B TpeyrosipHMKe ABe CTOPOHBI paBHHI 11 U 23, a MesHaHa, NpoBe-
JAEHHaA K TpeTbeil, paBHa 10. HaliauTe TpeTbiO CTOPOHY.

2.6. B paBHOOeApEeHHOM TpeyroJlbHHKe ¢ OOKOBOH CTODOHOH, pas-
HO# 4, npoBeseHa MeguaHa K 60KoBoit cTopoHe. HaiiuTe ocHoBaHue
TpeyrolbHUKAa, eCJTU MeJuaHa paBHa 3.

2.7. OcHoBaHHe paBHOGeAPEHHOTO TpeyTroabHHKA PaBHO 42, a Meau-
aHa, NpoBeséHHaA K G0KOBOH cTopoHe, paBHa 5. Haligute G0KOBbIE CTO-
POHEL

2.8. B TpeyronbHuke ABC U3BECTHHI CTOpOHH AB=2 u AC =4 U Me-
Auana AM = /7. Hailgure yron BAC.

2.9. B tpeyronbHuke ABC otpe3ok AD — mMeanaHa, AD =m, AB =,
AC =b. Haiiaure yron BAC.

TpeHHUpPOBOYHBIE 3a7aYU

2.10. /IBe cTOpOHBI TpeyroibHUKa paBHH 10 ¥ 12, a MegHaHa, rpose-
JEHHasA K TpeTbeil, paBHa 5. HaiizuTe riomas TpeyroabHHUKA.

2.11. HaiiguTe mwiomazb TpeyroibHKKa, MeAUaHbl KOTOPOT'O PaBHH 3,

4n5.
YkazaHue Cm. npumep 3.

2.12. Hariayre riomajb TpeyroJbHUKA, MeAMaHB KOTOPOTO paBHE! 10,
10 1 16.

2.13. HaiiauTe wiouiajb TpeyrolbHUKA, MeiIlaHEl KOTOPOTO PaBHH 12,
15 1 21

2.14. Meauana AD n BeicoTa CE paBHOOeApEeHHOTO TpeyroabHuKa ABC
(AB = BC) nepecekawTcsa B Touke P. HaliguTe Iuomazr TpeyroabHHKa
ABC, eciu CP=5, PE=2,
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2.15. MeauaHa AM u Guccexkrpuca CD NpsAMOYTONbHOTO TPEYTONbHHU-
Ka ABC (4B =90°) nepecekaiorcad B Touke O. Hailaure miomans Tpe-
yronsHuKa ABC, ecotu CO =9, OD =5.

2.16* BHYTpH NPAMOYTONBHOIO TpeyrolbHuka ABC ¢ NpAMBIM yIIoM
npu BepurHe C oTMedeHa Toyka O, npuyém OA = 0B =b. V3BecTHO Tak-
xe, 4yTo CD — BeIcoTa TpeyronbHHKa ABC, Touka E— cepeanHa OTpe3-
ka OC, DE =a. Haiigute CE.

YkaszaHue CyMMBl KBaJpaTOB pacCTOSHH# OT M060H TOYkH
A0 TIPOTHBOINOJIOKHBIX BEPIIHH NPAMOYTONbHUKA PAaBHH Mexay coboil.
Mycte M — cepeanHa AB, a K — npoexkuud Toyku E Ha AB. Torna M —
LeHTp npaMoyronbHUKa ACBF, K — cepeauna DM, OF = 2EM = 2ED.



§ 3. INTapayutenorpamMmm. CpesHAA NWHHUA TPEyroJbHUKA.
Pemenue 3asadM 3 U3 JHAarHOCTUYECKOM paboThI

3. B BHITIYKJIOM YeTHIPEXYTroNbHHKe ABCD OoTpe3KkH, coeJHHAIIIME Cce-
peauHbl IPOTHBOIIONMKHBIX CTOPOH, IlepeceKarTcs oz yrmoM 60°, a ux
JAJHAHBL OTHOCATCA Kak 1: 3. YeMy paBHa MeHbIIAA QUAroHalb YETHIPEX-
yronbuuka ABCD, ecnu 6onbias paBHa +/39?

Omsem: V21.

Pemenue CepeIuHBl CTOPOH 0600 YeTHIPEXYrOMbHUKA ABJIA-
IOTCA BEpIIAHAMH [1apajuleJiorpaMMa, CTOPOHbI KOTOPOro Napasule/lbHEL
AUAroHaIAM YeTHIPEXYTONbHUKA U COOTBETCTBEHHO DaBHBI MX I10JIOBH-

HaM. O603Ha4YUM Yepe3 x ¥ 3x MOJOBUHEI JUaroHalel napajuleorpaMmma.
[TockoMpKy yron MexJay HUMM paBeH 60°, TO 1O TeopeMe KOCHHYCOB
KBa/JpaThl CTOPOH MapaJUteiorpaMma paBHbI

x24+9x2 —3x2 =7x2, x%24+9x%+3x% =13x2.
[Mockonpky 66iblIas AMaroHaib YeTHIPEXYTOJIbHUKA paBHa 39, 601b-

mas CTOpPOHa NapajUleJlorpaMMa paBHa ——'239, T.e. 13x? = Q, OTKyZa

V21
x= "/75 Torza MeHbIIasg cropoHa napasiejiorpaMMa paBHa xV7 = 5
CrnepoBaTenpHO, MeHBINAS AUAroHajlb JaHHOIO YETHIPEXYTOJbHUKA paB-
Ha v 21. <

* * %k

Jl1s pelreHUs 3aAa4 3TOrO pa3zesia Hy’KHO 3HATb CBOHCTBA M MPHU3HAKY
napajuielorpaMMa, TeopeMy O cpejHel JIMHWUU TpeyroJbHHUKa, TEOpeMY
0 M€JHaHaxX TPEYrojlbHUKa (Me,lIHaHhI TpeyrojJbHHKa NepeceKarTCcsa B OA-
HOM TOYKE U AENATCA el0 B OTHOUIEHWH 2: 1, CYMTas OT BEpIIUHH Tpe-
YrOJIbHHUKA), a TAKXKe CJeAyIolMe BaXKHbie PaKThL.

Teopema. Cymma ksadpamos OuazoHafell NAPALIEN0ZPAMMA PABHA
CyMme K8a0pamos ecex ezo CIopoH.
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JAoxaszaTensbcTsBo. Ilyeth AC u BD — fjuaroHanu napajuieno-
rpamMa ABCD. Tlo TeopeMe KOCHHYCOB H3 TPeyroabHUKOB ABD u ACD
HaxoauM, 4TO

BD? = AB?+ AD? —2AB- AD cos ZBAD,

AC? = AD?> +CD?—-2AD-CD cos ZADC =
= AD? +CD? —2AD-CD cos(180° — ZBAD) =
= AD? 4+ CD? +2AD -CD cos ZBAD.
CrnefoBaTeNnbHO,
BD? 4+ AC%? =2.-AB%>+2-AD?.
Teopema foxazaHa. |

Teopema. CepeduHbl cmopoH N06020 HeMBIPEXY2O/bHUKA ABASIOMCSA
gepuiuHaMl NApANeno2pamma.

JdokaszaTtenbcTBO. Ilyere M, N, K, L—cepeguHbl CTOPOH
cooTBeTcTBeHHO AB, BC, CD, AD 4eTbipéxyronibHuKka ABCD. [TOCKONBKY

MN — cpepusia uHMA Tpeyroinbuuka ABC, To MN = %AC u MN || AC.
AHAJIOTHYHO AoKaxeM, yto KL = %AC U KL || AC. 3Hauut, MN =KL u

MN || KL. CnegoBaTesbHO, YeTHIPEXYTOMbHUK MNKL — napajuiesiorpaMM.
TeopeMa Aoka3aHa. O

IIpumep 1. B BLIMYKJIOM 4eTHIPEXYTONBHUKE OTPE3KH, COEXMHAIONIHE
cepeAyHbl IPOTHBOTIONIOXHBIX CTOPOH, PaBHbI COOTBETCTBEHHO @ H b U ne-
pecexaloTcs 1oz yriioMm 60°. HaiiinTe AMaroHaid YeTHpEXYToIbHHKA.

Omeem: \/a? +b? +ab, \/a® +b?—ab.
Pem e H 1 e. CepeIMHBI CTOPOH MI060r0 YeTHPEXYTONBHIKA SBJAIOT-

cA BepUIMHAMHU NlapajuiesiorpaMma. B JaHHOM ciydae AvaroHaau napan-
JieJIorpaMMa paBHbI @ U b, a yros Mexay HUMH paBeH 60°.
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-

CTOpOHBI apajieJlorpaMMa HaWZIEM 10 TeopeMe KOCHHYCOB:

%\/a2+b2+ab, %\/a2+b2—ab.

CiieioBaTENbHO, AMATOHAIU JAHHOTO YETHIPEXYTONLHUKA PABHEI

vat+b?+ab u Va?+b%—ab. <

IlpuamMep 2. B BHIIYKIOM 4eThIpéXyroibHUKe ABCD AnnHa OTpe3Ka,
coeAUHALIIero cepeauHbl cropoH AB u CD, paeHa 1. Ilpambie BC u AD
neprneHAUKYIApHBIL. Haiiiute AnMHY OTpe3ka, COeJUHAIONEero CépeauHEl
JuaroHaneit AC u BD.

Omsem: 1.

Pemenue. Ilyctb M u N—cepeauHbl CTOPOH COOTBETCTBEHHO
AB u CD 4etwnlpéxyrosbHUKa ABCD, a P 1 Q —cepeuHBl ero guaro-
Hanell (coorBeTcTBeHHO AC M BD). Torma MP — cpefHAsas NTUHHUA Tpe-
yronpHuka ABC, a QN — cpeaHsaa NUHUA TpeyronbHUKa DBC. Iloatomy

MP=1BC=qQn, MP||BC||QN.

3HAYUT, YeTHPEXYTONEHUK MPNQ — napautenorpamM. Ero coceznne
cropoHl MP 1 MQ cooTBeTCTBeHHO NapasuienbHbl pAMbIM BC u AD,
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nosatoMy MP 1 MQ. CepoBaTebHO, YeTHIPEXYTONBHUK MPNQ — npAMo-
YTONBHHUK. JJaroHair NpAMOYTOJILHUKA PaBHEL, IIo3TOMy PQ=MN=1. <«

IIpumep 3. BeplunHbI OZHOTO NapajulejiorpaMMa JieXxar 110 OAHOH Ha
CTOpPOHax gpyroro. JIokaXHTe, YTO LEHTphI NapajlelorpaMMoOB COBIa-
JaloT.

JokxaszaTtensbcTso. [IycTe BepminnHn K, L, M u N napanneio-
rpamma KLMN nexar cooTBeTCTBEHHO Ha cTopoHax AB, BC, CD u AD
napawenorpaMma ABCD, a guaroHaab LN mnepsoro napajinenorpamma
IepecekaeTcs ¢ AMaroHaibio AC BToporo B Touke O.

B

D

Tpeyronphuky CLM 1 ANK paBHEHI 110 CTOPOHE U IIPWIEKALINM K Hell
yriam, noatomy CL = AN. Torza Tpeyroashuku COL u AON Taxoxe paBHbI
IO CTOPOHE U TpPWIEXALIMM K He# yriaM, sHayuT, CO = AO u LO =ON.
Taxkum obpa3oM, Touka O — obian cepeauHa auarosanu LN mapanneno-
rpaMMma KLMN u auaroHanu AC mapamaeaorpamma ABCD, T.e. O —o06-
LM LIEHTP 3THX Iapauie/orpaMMoB. Yto 1 TpeGoBasioch JoKazaTe. [



IToaAroToBHUTE/NbHBIE 3a/Ja4H

3.1. PaccrosiHne MeXAy cepelMHaMHM B3aUMHO MeplieHAUKYJISPHBIX
xopa AC u BC HekoTopoH oOKpyXHoCcTH paeHO 10. Hargure auamerp
OKPYKHOCTH.

3.2. /luaroHajp NapanenorpaMma AeJUT ero yroa Ha yactd B 30°
u 45°. HailauTe oTHOLIEHHE CTOPOH IapajleforpaMmma.

3.3. Bepumudet M u N xBagpata KLMN nexaTt Ha FUIIOTeHY3e AB Iipa-
MOyTO/lLHOTO TpeyroabHuka ABC (N mexay Bu M), a pepmiusbl K u L —
Ha Katerax BC u AC cooTBeTcTBeHHO. MU3BecTHO, uyTo AM =a u BN =b.
HaiiauTe rowaas kBajpara.

3.4. CropoHa BC napaunenrorpamma ABCD BaBoe GONbIIE CTOPOHBI
AB. bucceKkTpuch! yIyioB A U B niepecekaloT IpsAaMy0 CD B Toukax M U N,
npuuém MN = 12. Haiiznre cTOpOHEHI lapajuleJorpaMma.

3.5. HaliauTe paccTosiHHE OT LieHTpa poMba 10 ero CTOpPOHBI, €CJIH OCT-
pblil yron pomba pasen 30°, a cTopoHa paBHa 4.

3.6. B ueTbipéxyronsHuke ABCD n3BecTHH yrasl: ZDAB=90°, ZDBC=
=90°. Kpome Toro, DB =a, DC =b. Haiijaute paccTosHie MeXIy LieHTpa-
MH ABYX OKPY>KHOCTe1, OlHa M3 KOTOPBIX IIPOXOAUT Yepes Touku D, A, B,
a apyras — 4depe3 TodkH B, C, D.

3.7. Ha ctopoHax AB u CD npamoyronbuuka ABCD B3ATH Touku K
H M Tak, yro AKCM — pom6. Jluaronans AC obpasyeT co cTOpoHOH AB
yron 30°. Haiigute cTopoHy pom6a, eci HaubGonblias CTOPOHa NPSIMO-
yronbHuKa ABCD paBHa 3.

TpeHUpPOBOYHbBIE 3afa4H

3.8. B TpeyTONbHHUK, ABE U3 TPEX CTOPOH KOTOPOro paBHH 9 u 15, BIn-
CaH NapajinenorpaMM Tak, YTO OAHA M3 ero CTOpPOH, paBHaA 6, JIEKUT Ha
TPeThbell CTOPOHE TPeyroJbHHUKA, a AMaroHaIy NapaiiejlorpaMma napai-
JIeJIbHEI IBYM JaHHBIM CTOPOHAaM TpeyroinbHHKa. HalguTte apyryio cTopo-
Hy [lapajuiejIorpaMMa y TPeThIO CTOPOHY TPEYTOJNbHHKA.

3.9. CropoHbI napauienorpamMma paeHbl a ¥ b (a # b). Haiiaure gua-
rOHaJH YeTHIPEXYTONbHUKA, 06pa30BaHHOTO NepeceYeHUAMHU 6UCCEKTPUC
YI/IOB NapasuleyiorpaMmma.

3.10. OTpe3kH, coefVHAIOIINE CepeJUHEI IIPOTHBCIIONOXKHEIX CTOPOH
BBIIYKJIOT'O YETBIPEXYTOJIBHUKA, B3AMMHO [epIeHANKYIAPHEL U PAaBHHI 2
u 7. Haiizure wiomazab 4eTbIpEXYTOMbHUKA.

3.11. OTpesky, coeaUHAIOLINE CepeAUHEl IIPOTUBOIOIOKHBIX CTOPOH
BBIIYKJIOTO YETHIPEXYTONbHUKA, PaBHBI MeXAy coboit. HaiianTe mwiomaas
4eThIPEXYTO/IbLHUKA, eCJIA ero JUaroHaiay pasHH 8 U 12.
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3.12. /laH BbIIYKJIBIA YETHIPEXYT'OJbHMK, JUATOHAIN KOTOPOTO IeplleH-
JUKYJISPHBL ¥ paBHEI @ U b. HaliauTe ruiomazab 4eTHIPEXYTONBHUKA C BEp-
IIMHAMH B CepeAiItHax CTOPOH AaHHOTrO.

3.13. JuaroHanu Tpalleuuy B3aMMHO IeplleHAVKY/IAPHHI, a CpeAHsAA
JIVHUA paBHa 5. HalauTe oTpe3oK, COeANHAIOINN cepeUHBI OCHOBAHHI.

3.14. /[naroHajii BEITYKJIOTO YeTEIPEXYTOJIbHHAKA PaBHBI a U b, a 0Tpes-
KM, COeAWHALINE CepeAUHBI IIPOTHUBOIOIOXKHBIX CTOPOH, PABHBI MEXAY
coboi. Haiigure m1omagp 4eTHIPEXyTOJIbHHKA.

3.15. [lnaroHasiy BHITYKJIOI'O 4eTHIPEXYTOJbHUKA PaBHHL ¢ U d U Ile-
pecekaloTcs oA yioM 45°. HaitauTe oTpe3ky, COeAUHAIOIME CepeAUH
IIPOTHUBOIIO/IOXKHBIX CTOPOH YeTbIPEXYTOJbHHKA.

3.16. B ueTnipéxyronbHuKe ABCD auaroHann AC u BD oTHocATCA Kak
1:4, a yron Mexay HUMHU paBeH 60°. YeMy paBeH OONBLINI U3 OTPE3KOB,
COEAMHAIONINX CePeAHHBI IPOTUBOTIONOKHBIX CTOPOH YeThIPEXYTOMbHHKA
ABCD, ecit MeHbUIMH paBeH v'26?

3.17. OxpyxHOCTB, IIOCTPOEHHAA Ha CTOpoHe AD mnapannenorpamma
ABCD xak Ha AuaMeTpe, IPOXOAUT Yepes BepIIMHY B U cepeAuHy CTOPOHBI
BC. Haitaute yriel napainenorpamma.

3.18. V13 BepmuHbI A TpeyronbHHKa ABC onylleHH NeprneHAuKyIApH
AM u AP Ha GHCCEKTpHCHI BHELIHHUX YI/IoB B u C. M3BecTHO, YTO Nepu-
MeTp TpeyronbHHKa ABC paBeH 10. Haligute PM.

3.19. IIpsmas uMeeT ¢ napauiesorpaMmmom ABCD eaAMHCTBEHHYIO 06-
myo Touky B. BepmuHbl A u C yaaieHbI OT 3TOH IPAMO Ha pacCTOAHMA,
paBHble a U b. Ha xakoe paccTofiHHe yAajseHa OT 3TOH MpPAMOIl Bepluu-
Ha D?

3.20. I'unoTreHy3a NpSIMOYTOJBHOTO TPEYTONLHHUKA CJIYKHUT CTOPOHOM
KBaJipara, pacllojIOXXEeHHOro BHe TpeyroJbHUKa. HalauTe paccrosHue ot
BEPIIUHKEI IPAMOro yIJa TPEYToJbHHKA A0 LIeHTpa KBaZpaTa, ec/Id KaTeThl
TPEeYTONbHUKA PaBHHI a U b.

Yxa3zaHue. OIMIIMTEe OKOMO YKA3aHHOrO KBajpaTa elé OAUH
KBa/paT CcO CTOPOHOM a + b, IpoBeAs Yepe3 BepIIMHbE JAHHOIO KBaZpaTa,
OT/IMYHBbIe OT BEPLIMH TPEYTONBbHUKA, ABE IIPSAMLIE, NepleHAUKY/IAPHbIe
NPSMEIM, COZIEPKAIIUM KATETHI TPEYTOIbHUKA. LIeHTp NTOTy4eHHOro KBaJj-
parTa COBNaJaeT C LIEeHTPOM AaHHOTO.

3.21. B BeinyxiioM 4eThipéxyronbHukKe ABCD oTpe3oK, CoeZuHAIOIUIA
cepeVHBl AHaroHa/ied, paBeH OTPe3Ky, COeAWHSAIIEMY CepeAHHbI CTO-
poH AD u BC. Haiiaute yron, o6pa3oBaHHBIN NPOAOIKEHUEM CTOPOH AB
H CD.

Yrkaszanue. Ilycts K, L, M u N — cepeauHut oTpe3koB AD, AC, BC
u BD coorBercTrBeHHO. Torga KLMN — npAMOYTOJIbHUK.
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3.22. /laH napajiesorpaMM CO CTOPOHAMH 1 ¥ 2 ¥ OCTPBIM YI7IoM 60°.
Ha AByx ero npoTHBONONOXKHBIX CTOPOHAaX KaK Ha OCHOBAHHAX NIOCTPOEHEL
BHE MapauieJiorpaMMa paBHOOEJpEHHbIE TPEYroJIbHUKM ¢ yriaamu 120°
npu BepumHax. Halaure paccTosHre MeXy STUMH BepIIMHAMH.

Ykxasauue. OTpe3ok, COeIUHAIOUUI BepIUHHE JaHHBIX PaBHO-
GeApeHHbIX TPEYTOIBHUKOB, IIPOXOAUT Yepe3 LIeHTp NapajiejorpaMma.

3.23. YeTelpéxyronbHUK ABCD, AuaroHaju KOTOPOro B3aMMHO Iiep-
NeHJVKYIAPHEL, BIIHCAaH B OKPYXHOCTh € LieHTpoM 0. Haligute paccrosi-
HUe oT Touku O 210 CTOpOHbL AB, eciiu u3BecTHO, uTo CD =8.

Ykaszauue. Ilycte DD; —auameTp oxpyxHocTH. Toraa paccrofi-
HHe OT LIeHTpa OKPYKHOCTH A0 XOpAEl AB paBHO pacCTOSHUIO OT LieHTpa
OKPY>KHOCTH A0 xopasl CD,, paBHOi1 AB.

3.24* Touxu M, K, N u L — cepelHBI CTOPOH COOTBETCTBEHHO AB, BC,
CD u DE naruyronbHuka ABCDE, P u Q — cepeauHH oTpe3koB MN u KL
COOTBEeTCTBEHHO. M3BecTHO, uTo PQ = 1. Hafigute ctopoHy AE.

Yka3aHUe. [Iyers F—cepeauHa AD. Toraa MKNF — napaieno-
rpaMM, PQQ — cpejHsis TUHUA TpeyroabHUKa KFL, a FL — cpeiHAA TWHUA
TpeyroiabHuka ADE.



§ 4. Tpanenus.
PellieHue 3a7a44 4 U3 AHArHOCTHYECKOH paboThI

4. HaitayTe wiomaasr Tpaneyy ¢ OCHOBaHUAMH 18 U 13 U 60KOBLIMH
CTOpOHAaMHU 3 U 4.
Omeem: 37,2.

Penre H ue. Uepes BepimiHy C MeHbIlIero ocHoBalMA BC Tpanenuun
ABCD (BC =13, AD =18, AB =4, CD = 3) npoBeéM npamMy1o, napan-
nenbHy1o 60KoBoi cTOpoHE AB, JI0 epeceyeHns ¢ OCHOBaHHEM AD B TOY-
ke K. Torna CK=AB=4,DK=AD - AK=AD-BC=18-13=5,CD=3.

B 13 C
pd N
1
A 13 K 5 D
Tpeyranbauk KCD npaMoyToibhbii, Tak kak KD? = CD? + CK?2. Ero Bbico-
Ta, ONylleHHas Ha TMIIOTEHY3y, paBHa 3T4 = 15—2 CnezoBaTesbHo,
Sapep = 31222 =37 a

* % %

[Ipu penteHUM 3aa4 Ha TpallenUi0 BO MHOTUX CIy4asdX Ioe3Hsl J0-
NIOMHUTENIbHBIE IOCTPOEHHA, CBA3aHHEIE C TapaJUIeIbHbIM NlepeRocoM 6o-
KOBOH CTOPOHBI WJIH JHArOHAJTH.

IMpumep 1. Haligure mIomwajas Tpanelllny, AMaroHaJin KOTOPO¥ paBHH
7 u 8, a ocHoBaHWA — 3 U 6.

Omeem: 12+/5.

Pew e H U e. Yepes Beplinny C MeHbIIEro OCHOBaHUA BC Tpanenuu
ABCD (BC=3, AD =6, BD =8, AC =7) npoBeaéM NpAMYI0, lapauie/b-

B 3 C




PerieHue 3agauu 4 U3 AMAarHOCTHYECKOM paGoTHL 27

HYI0 AMaroHasu BD, no nepecedyeHHus ¢ npsamoil AD B Touke K. CTOpOHBI
TpeyronbHUKa ACK paBHEL:

AC=7, CK=BD=8, AK=AD+DK=AD+BC=6+4+3=09.
Mo popmyne I'epoHa

Saack = V12:5:4-3=6-2v/5 =125,

a Tak kak TpeyroabHuiM CDK 1 ABC paBHOBenuky, [ojy4aem

Sasco = Saack = 12v/5. <

* % *

[Tpn pemeHnn 3ajad, CBA3aHHBIX C pagHobedpeHHoll Tpamnelueil, Kpo-
Me 061Ie3BECTHBIX CBOMCTB U NIPU3HAKOB (YTJIbI TP OCHOBAHWU PaBHBI,
AUaroHamu paBHBI M 06pa3syioT paBHbIe YTUIBI C OCHOBAHUEM U T. A.) MHOTAA
NoJIe3HO IPUMEHUTD CJIeAyIollee CBOMCTBO: NPoeKUHA GOKOBO# CTOPOHBI
paBHOGeApeHHOH TpallellMd Ha OCHOBaHUeE paBHA NOMYPa3sHOCTH OCHOBA-
HHH, a IpoeKL}A AHarcHaIM — NOIYCYMMe.

IIpumep 2. Tpaneuusa ABCD c ocHoBanmsamu AD u BC (AD > BC)

3

BIIUCAHA B OKPYXXHOCTb C meHTpoM O. M3BecTHo, uto sin ZAOB = s

a CpeaHAA JUHWA TpallellHH paBHa d. Haiiaure BBICOTY TpallelITuH.

Omeem: 3a Wi %a.

Pem e H ue. Tpaneuna ABCD BnHcana B OKPY>XKHOCTb, II03TOMY OHa
paBHOGezpeHHad. O6o3HaunM ZAOB = a. INockonbky AOB — LeHTpasb-
HBIM YTOJI OKpY>KHOCTH, a ADB — BIMCaHHBIH,

ZADB = %mos =

NIR

Ilycte BH — BbicoTa Tpaneuuu. Toraa DH = ADz;BC, T.e. kater DH

IPAMOYTOJNBHOTO TpeyronbHuka BHD paBeH cpefHed JMHUHM TpallelldH.
CnegosatensHo, BH =DH tg % =atg %.

. 3
Io yenoBuio 3agayu sin @ = ¢, O3TOMY

cosa = V1-sina = 1—(%)222

cosa =—V1—sina= —g.
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Toraa
3
g _sine _ 5 _1
g2_1+cosa_l+ﬂ_3
5
WIH
3
a __sina _ 5
tg2_1+cosa_1_ﬂ_3’
5
CrrefoBaTe/bHO, BD=atg%=%a Wi BD =3a. <

OTMeTHM ellé OAHO BaXXHOE CBOMCTBO TpaleyH.
HHoraa sTy TeopeMy Ha3bIBAIOT 3aMedaTelbHBIM CBOMCTBOM Tpare-
110718

Teopema. Touka nepeceueHus ouazoHaneil yioboii mpaneyuu, mouka
nepeceueHust NpoQoaKceHUll 6OKOGbIX CIMOPOH U cepeduHbl OCHOBAHUL Jie-
aam Ha 00HOU NPAMOILL

JoxkasaTtenbcTBo. [lycts auaroHanm AC U BD Tpanenuu
ABCD mepeceKaloTca B TOYKe P, a MpoAODKeHHSA GOKOBHIX CTOPOH AB
u CD — B Touke Q.
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Yepes cepeauHy M ocHoBaHMA BC U Touky P IpoBeAEM NPAMYIO.
ITycte oHa mepecekaeT ocHoBaHue AD B Touke N. Torma TpeyroiapHMK
BMP nogoben TpeyroabHUKY DNP, a TpeyronbHUK CMP — TpeyrolsHUKY

ANP, ipuyém B 06oux crydasx kos¢pdumueHT nogodus paseH —Pﬂ% 3Ha-
BM _MP _CM _ _ BM-AN _

T, DN = PN — AN’ & TaK Kak BM =CM, 1o DN = M = AN, T.e.

N — cepeanna ocHoBanua AD. CiejoBaTelbHO, OTPE30K, COSAMHAIOMMI

cepeaMHbl OCHOBAHUM Tpanenyy, IPOXOAUT 4Yepe3 TOYKY IepecedeHus

JuaroHanew.

YU

Q

A N D

AHaJIOTUYHO [JOKaXeM, YTO NpsiMas, IpoBe/JéHHas Yepe3 cepeJHHHI OcC-
HOBAHUH Tpaneluy, IpoXoJUT Yepe3 TOYKY llepeceyeHUs () NpOJO/DKeHUH
6okoBbLIX cTOpoH. Cle[ioBaTelbHO, TOYKH P, Q U cepeHHBl OCHOBAHHUM
TpaNeLyH JIeXaT Ha OAHOH npaMoil. YTo u TpeGoBamoCch A0KA3aTh. O
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4.1. HaiiauTe 1iomazp Tpaneluy, napaaneibHble CTOPOHE! KOTOPO#
paBHHI 16 U 44, a HenapaaneabHsle — 17 1 25.

4.2, HaiauTe IWIoIAAb TpaneLUy ¢ oCHOBaHHAMH 11 ¥ 4 1 guaroHand-
MH 9 1 12.

4.3. B paBHODeapeHHOM Tpanenuy ocHOBaHHsA paBHH 40 u 24, a eé
JUaroHaaH B3auMHO NepneHAuKyAspHbl. HalianTe Iwiomaae Tpanenyu.

4.4. /lnaroHanm paBHoOeApeHHOH Tpaneuyy neprneHAuKyaspHel. Hai-
JuTe IUIOLAAb TPalleLIH, eC/Iv e€ CpeAHsisd IMHMA pPaBHa 3.

4.5. Tpaneuus ¢ ocHoBaHuAMH 14 u 40 BnMcaHa B OKPY>XHOCTb pajuy-
ca 25. HailauTe BbicOTY Tpalenum.

4.6. luaroHanp paBHoOenpeHHO# Tpanenuu paBHa 10 u obpasyer
yron 60° c ocHoBaHHEM TpaneLud. HalauTe cpeJHIOO TMHUIO TpallelUH.

4.7. OKpYXHOCTb C ueHTpoM O BIKcaHa B TpaneLuio ¢ 60KoBO#H cTo-
poHoi1 AB. Haiigure yron AOB.

4.8. Menbman 60koBas cropoHa NPAMOYTONBHOR Tpaneuuu paBHa 3,
a 66apman obpasyet yron 30° ¢ oqHUM U3 oCHOBaHU#. Haiaure 3T0 OC-
HOBaHHe, eCIM Ha HEM JIEXKHUT TOYKA llepecedeHUss OUCCEKTPHC YIVIOB NIpH
JAPYroM OCHOBAHMHU.

4.9. OcHoBaHuA Tpameuuy paBHH 1 U 6, a AuaroHanu —3 1 5. Iloa
KaKUM YTJIOM BMZIHBI OCHOBAHMS M3 TOYKHM lePecedeHA AnaroHantei?

4.10. OcHoBaHUA Tpanenyu paBHul a U b (a > b). HaliaguTe AnuHy oT-
pe3Ka, COeJMHAIOLIEro cepeJMHbI AuaroHaiei Tpareuuu.

4.11. OcHoBaHusa paBHOGeLPEHHOH Tpanenuu paBHbl a u b (a > b), oct-
Ppbiil yron paBen 45°. Haliure rmionaas Tpanemu.

TpeHMpOBOYHBIE 3a4a4YH

4.12. B Ttpaneuun ABCD yrael A U D npu ocHoBaHUHU AD COOTBeET-
cTBeHHO paBHHEL 60° 1 90°. Touka N JexMT Ha ocHoBaHUM BC, npuuém
BN :BC=2:3. Touka M nexut Ha ocHoBaHuU AD, npsamaa MN napan-
JenbHa 60Kx0BO# cTOpoHe AB M AedT IUI0IAAs Tpanelnnu nononam. Hait-
aute AB:BC.

4.13. ITnomaaes paBHOOEePEHHOM TpaNelH, ONMCAHHONW OKOJIO OKPYX-
HOCTH, paBHa S. Hailzure cpeHIOIO IMHHIO Tpalleliuy, ec/IA OCTPhIH yron
IIpU €€ OCHOBAaHUM PAaBEH A.

4.14. Oxpy>XHOCTb, BIIUCAHHAA B TpaleNyIO, KacaeTcs ogHOoM U3 Hoko-
BHIX CTOPOH B TO4YKe, JZejAlleit e€é Ha OTpe3KH, paBHHIe a U b. Hailaure

PaZInyc OKPY>KHOCTH.
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4.15. B nIpsAMOYTOIBHYIO Tpallel[HI0 BIIMCaHa OKPYKHOCTb pajuyca R.
o .. 4
HalifuTe CTOpOHH Tpalelyuy, ecjii eé MeHblllee OCHOBAHUE PABHO §R.

4.16. BokoBas cTopoHa paBHOGe[peHHO Tpanenyy paBHa d, CpeJHsA
JUHUA paBHa b, a oauH yryI0B 11pH H6onbIIeM ocHoBaHUU paseH 30°. Hait-
JAVTe pafuyc OKPY>KHOCTH, OTIUCAHHOMN OKOJNO TpaNelyu.

4.17. OcHOBaHuA Tpaneuuu paBHEL 4 U 16. HailauTe paznycsl OKpyX-
HOCTE1, BIMCAHHOM B TPANenHIo U OIMCAHHON OKOJIO Heé, €CJTM U3BEeCTHO,
YTO 3TH OKPY)XHOCTH CyIIECTBYIOT.

4.18. OKpY’)KHOCTb BIIUCAHA B paBHOOEAPEHHYIO TpalelHIo C OCHOBA-
HUAMH d ¥ b. Haliagure guaroHass TpaleyH.

4.19. V3BecTHO, 4TO BHICOTA TpAIlELiUX paBHa 15, a AMaroHaju Tparne-
uuH paBHuI 17 u 113. Yemy paBHa eé€ ruromaan?

4.20. BoKOBLBIe CTOPOHDI TPaIlelUH JIeXAaT Ha NepIeHAUKYIAPHBIX Nps-
MbIX. HaliinuTe mwiomazps 4eTbIpEXYTOJbHUKA C BEPIIAHAMM B CepeUHax
JAUaroHajgei U cepeiMHAaX OCHOBAaHHH TpaIlelWH, ecH eé 60KOBHIE CTO-
POHBI paBHbI a U b.

4.21. Haigure auaroHaab ¥ GOKOBYIO CTOPOHY paBHOOeaApeHHOM Tpa-
neLuy ¢ OCHOBaHUAMH 20 U 12, ec/1d H3BECTHO, YTO LIEHTp e€ OlMCaHHOH
OKPY)XXHOCTH JIEXHUT Ha OoJIblIeM OCHOBAaHHH.

4.22. Tpaneuus c BHICOTOH h BIMcaHa B OKPYXHOCTb. BokoBast cTopo-
Ha TpaneluH BHJHA M3 LIEHTPa OKPYXHOCTH nog yriom 120°. Haizure
CPeZIHIOIO JIMHHIO Tpalely.

4.23. Tlromazs paBHOOeApPEeHHON Tpanenyy paBHa /3. YIOX MexAy
JMaroHasblo X ocHoBaHMeM Ha 20° 6osblie yI/ia MeXJy AUaroHaabio ¥ 60-
KOBOI cTOpoHON. Haijgure OCTphIi yroji Tpanelyy, eciy eé JUaroHajib
paBHa 2.

4.24. BucceKTpPUCH TYTILIX YIVIOB IIPU OCHOBAHWUM TpalelHH Iepece-
KaloTCA Ha APYyroM eé ocHoBaHMHU. HaliuTe CTOPOHBI Tpalelldy, eciu eé
BHICOTA paBHa 12, a AnuHBI 6McceKTpUC paBHBI 15 1 13,

4.25. YetnipéxyronsHUK ABCD BIHcaH B OKPY>XHOCTb € LieHTpoM O,
ZBOA = /COD = 60°. Tlepnesguxynap BK, onyleHHbI# U3 BeplIMHE B
Ha cTopoHy AD, paseH 6; BC B TpH pa3a MeHbllle AD. HalauTe rmomais
TpeyronbHuka COD.

4.26. Jlana Tpanenua ABCD c ocHoBaruamu AD = 34/39 u BC = v/39.
Kpowme Toro, aaHo, uro yron BAD pasen 30°, a yron ADC pasen 60°. Yepe3
Touky D npoxoaur npamas, aeiAuias TpalelHio Ha JBe paBHOBeJIHKHeE
¢urypnl. Halizute aivHy oTpeska 3TOW IPAMO#, HaXoAAleroca BHYTPH
Tpanenuu.
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4.27. OTpe3oK, COeANHAIOINM cepeilMHbI OCHOBAHUM Tpalleniuy, pa-
BeH 3. Yrunl npu GonblileM OCHOBaHUM Tpaneuuu paBHbl 30° u 60°. Haii-
JAWTe BRICOTY TPaIelyH.

YkasaHue Ewm cymMMa yIJioB IMpU OCHOBAaHUU Tpalelyuu pas-
Ha 90°, TO OTPEe30K, COEAHMHAIOLUIMI CEPEAUHBI OCHOBAHMIA, PaBeH IOIy-
Pa3HOCTH OCHOBaHUM.

4.28. /lana rpanenus ABCD ¢ 60KOBHIMHM cTOpoHaMH AB =27, CD =28

M ocHoBaHueM BC = 5. M3BecTHO, uTO cosZBCD = —%. Hatiaute guaro-
Hasb AC.

4.29. OcHoBaHnMe AB Tpaneuun ABCD Basoe 6onbiie ocHoBaHHA CD
¥ BABoe Gonbiiie 60KOBOH cTropoHbl AD. /lnaroHanb AC paBHa 4, a G0Ko-
Bas cropoHa BC paBHa b. HaliauTe womaap TpaneLu.

4.30. Tpanenua ABCD pazjeneHa IpAMOH, Napajile/JbHON e€ OCHOBa-
HuaMm AD v BC, Ha Be paBHOBeNIUKMe Tpallenuu. Haiiaure oTpe3ok sToi
IPSIMOM, 3aKJIIOYEHHBIH MeXAy OOKOBBIMM CTOPOHAMM, €CJIM OCHOBAHUS
Tpaneluuy paBHbl a U b.

4.31. B tpaneiyu ABCD (AD || BC) yron ADB B /iBa pa3a MeHblIe yT-
Ja ACB. UsBecTHO, yto BC = AC =5 u AD = 6. HalizuTe miomaas Tpa-
MeLuH.

YkasaHue. Touka D geKUT HA OKPY>XHOCTH € IjeHTpoM C, IIpoxo-
Jstieil yepes Touyku A u B.

4.32. Jlana Tpaneuns ABCD, auaroHanu AC u BD xoTopol nepece-
KaroTcA I0J NPSIMBEIM YIVIOM, a NPoJo/DKeHHA GOKOBHIX cTOpoH AB u DC
nepecexaiorca B Touke K noz yrmom 30°. MaBecrHo, yto ZBAC = ZCDB,
a oMb Tpanenuu paBHa S. Halizure roiomaas TpeyrorbHuka AKD.

4.33. OKpyKHOCTb, IOCTPOEHHAsA Ha OCHOBaKUU AD Tpanenun ABCD
KaK Ha JuaMeTpe, IPOXOJUT Yepe3 cepeinHbl OOKOBEIX CTOPoH AB u CD
Tpaneuuy U kacaeTca ocHoBanuA BC. Hallaure yris Tpaneyu.

YKas3aHUe. PaccMOTpUTE TPEYrONbHUK C BEPUIMHAMHU B IJeHTpe
OKPY>XHOCTH, B cepegrHHe OOKOBOH CTOPOHHI M B CepeAiMHe paauyca, Ipo-
BeI€HHOI'0 B TOUKY KacaHHA OKPY)XHOCTH ¢ OCHOBaHHeM BC.

4.34. OKpy»XHOCTb, IOCTPOEHHAs Ha ocHoBaHUM BC Tpanenuu ABCD
KaK Ha ZHaMerpe, NIPOXOAUT Yepe3 cepeNHbl auaroHaned AC u BD Tpa-
nenuy ¥ KacaeTcsa ocHoBaHuA AD. Haliaure yriinl TpanenuH.

4.35. JluaroHans BD tpaneuuu ABCD paBHa m, a GoKoBas CTOpO-
Ha AD paBHa n. Haiigute ocHopanme CD, eC/IM U3BECTHO, YTO OCHOBAHHE,
JWaroHajab 1 60KOBas CTOPOHA TpaneliuH, BBIXOJsALINE U3 BeplIMEH C,
paBHBI MeXy cOBOM.

YxasaHue. Touku A, B u D n1exaT Ha OKPY)XHOCTH C ieHTpoM C.
Ecnu DK — anaMeTp 3ToH OKpPY»XHOCTH, To BK=AD u ZDBK =90°.
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4.36* [lana paBHOOeJpeHHasa Tpaneuys, B KOTOPYIO BIIMCAHA OKPYX-
HOCTBH 1 OKOJIO KOTOPOH OIKMCaHA OKPYKHOCTh. OTHOILIEHHE BBICOTHL Tpa-

el K paguycy ONNMCAaHHOH OKPYXXHOCTH paBHO \/g . Hatiaurre yroinl Tpa-
MelMH.

Y ka3 aHH e. bokoBas CTOpoHa JJaHHOH Tpalely paBHa IIPOEKIMI
AvaroHayu Ha 6osnbliiee OCHOBaHHeE.

4.37* Ha 60okoBbIX cropoHax AB u CD Tpanenun ABCD B3AITBI TOUKH
P u Q cooTBeTcTBEHHO, NpH4YéM AP : PB=2: 3. OTpe3ok PQ pasbusaeTr
TparelHIo Ha YaCTH, OJHA U3 KOTOPHIX 110 IUIONaAH BTPoe OoJbLIe APYTOii.
Hawiaure otHomenue CQ : QD, ecniu AD =2BC.

4.38* Ox0/10 OKPYKHOCTH oNHcaHa Tpaneuus ABCD, 60xoBas cTopoHa
AB neprneHgUKyAApHA OCHOBaHMAM, M — TOYKa IepecedyeHUd AHaroHa-
neit Tpaneuun. [nowaae Tpeyroabiuka CMD papHa S. HaliauTe paguyc
OKPYKHOCTH.

Ykaszauue. Touka M seXXUT Ha NIpAMOM, POXOAAIIEN Yepe3 TOY-
KM KacaHUs OKPY>KHOCTU C OCHOBAHMAMMU Tpalenuu. Jta npAMas coaep-

XKHUT O — LIEHTP OKPYKHOCTH, IIO3TOMY S acmp = Saams = Saos-



§ 5. Kak HaX0AUTHh BBICOTBI M GHCCEKTPHCHI
TpeyroJbHUKAa?
PellleHHe 3a/1a4H 5 U3 AHArHOCTHYECKOH paboOThI

5. /IBe CTOPOHBI TPEYTOJIbHUKA PaBHBI 3 U 6, a yrol MeXAy HUMH pa-
BeH 60°. Haiiure 61cCeKTpUCY TPEYrolIbHUKA, NPOBEAEHHYIO U3 BEPIIHU-
HBI 3TOTO YTJIA.

Omaem: 2v/3.

Pem e H u e. [Tycts AD — 6MccekTpuca TpeyronbHuKa ABC, B KoTo-
poM AB=6, AC=3, ZBAC =60°.

C

/>30°

A 6 B

ITepeviii cnocob. O603HauuM AD = x. Toraa

V3
2

0
oS

6-3-

N +—

Saasc = 3 -AB-AC-sin60° =
C Apyro¥i CTOPOHBI,
Saasc = Saasp+Saaco = 3AB- AD -sin30° + 2 AC - AD -sin30° =

X,

10

_1 1,14 1_
—26x2+23x2—

9v3

W3 ypaBHeHUA %x = = HaXOJUM, 4TO X = 2V/3.

Bmopoii cnocob. 3amMeTHM, 4TO TpeyroabHUK ABC npaMoyronbHIil. To-
IrZia TpeyroMbHUK ACD TakKe NPAMOYTOIbHBIH, IpuyéM ZCAD = 30°. Cie-

JOBATEIbHO,

AD = AC : cos ZCAD = 3 : cos 30° = 2V/3. <

* %k K

BbICOTY NPSAMOYTOJBHOTO TPEYTOJIbHHUKA, IPOBEAEHHYIO U3 BEDIIMHEI
NpAMOro ymia, yAoOHO HaxXOAWTh TaK: BHYUCIAWTBL JABYMS CcrocobaMu
IUIOLIaZb TPEYrolbHHKA — KaK IOJOBHHY IIPOM3BeJEeHHA KaTeTOB M Kak
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MOJIOBUHY MPOM3BeJeHHA TMIIOTeHY3bl Ha HICKOMYIO BhIcOTy. M3 nomydeH-
HOTO paBeHCTBA BBIPA3sUTb 3Ty BhICOTYy. TakuM obpasoM, BbicOTa Ips-
MOYTONIBHOI'O TPeyroJIbHUKA, IIPOBEAEHHAA M3 BepIUMHB NPAMOIo yIJa,
paBHA [IPOU3BEJEHUIO KaTeTOB, JeJEHHOMY Ha TMIIOTEHY3Y.

BuccexTpucy TpeyrosbHHKa TakkKe MOXXHO HAXOAWThb, BRIMUCIAA pas-
HBIMU crioco6aMu IwIoaab TpeyroabHUKa.

Ilpumep 1. KaTeThl npAMOYTOJIBHOTO TpeyrolbHUKaA paBHH 15 u 8.
Haiigure BBICOTY, OMYLIEHHYIO Ha TUIIOTEHY3y.

Omsem: 11—270
P e m e H u e. 'HNIOTeHy3a TpeyrolpHUKa paB- 8 15
Ha
V152482 =17.
15-8 _ 120
Cirej0BaTeIBHO, UICKOMAs BBICOTA paBHA 17 =17 <

BricoTy paBHOOEAPEHHOTrO TPEYTOJIbHMKA, OIMYIIEHHYI0 Ha GOKOBYIO
CTOPOHY, TaKKe yA0OHO BRIMUCIATD C MOMOINBIO IUTOLaAe.

ITpumep 2. [laH TpeyroibHUK CO CTOPOHAaMHU d, b v b. Haiigure BrICO-
TY, OITyLIeHHYI0 Ha CTOPOHY, PaBHy1o b.

ay/ 4b? - a?
Omsem: ————
2b
Peuw e H u e. [lyctb d —UcKOMas BHICOTA,
h — BBICOTA, OITylIleHHasA HA OCHOBAHHE JaHHOTO

paBHOGepeHHOro TpeyroasHHuKa. Toraa b b

h
he b (8)F = YA
2 2 ) d
C oaHO¥ CTOPOHBL, IUIOIAAb TPEYrONbHUKA PaB- -
Ha %ah, C Apyroi — %bd. W3 paBeHcTBa ah =bd g g
HaXOJHM, 4TO
ah aVv4b*—a? ay/ 4b%—a?
d=w=——F—':b=—F5——. <
b 2 2b
* k *

Tot xe MeTo (MeToJ WIOIIAAeil) MOXHO NPUMEHUTh U A IIPOH3-
BOJILHOI'O TPEYTOJBHHUKA.,

IMpumep 3. /laH TpeyroabHUK co cropoHamu 13, 14, 15. Haliaure BHI-
COTY, IPOBEJAEHHYIO K OoNbLIEN CTOPOHE.

Omeem;: 55—6
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PeweHue 1 Ilycts AH —yKa3zaHHad BEICOTA TpeyroabHUKa ABC
co ctopoHamu BC =15, AC =14, AB=13. 1o ¢opmysne 'epoHa

Saasc = V21(21—13)(21 - 14)(21—15) = /21-8-7-6 = 7-3-4 = 84.

13 14

.
B X H 15-x c

C ApyTO¥ CTOPOHHL, S apc = %BC -AH. OTKyZa HaxoauM, YTo

25 2-84 _ 56
AH= =35 =55 =% <
DTy 3aZady MOXXHO pelllUTb Takike ¢ IOMOLIbIO TeopeMsl [THdaropa.
Pew e H u e 2. [ockonbky BC — Haubonblias cTOpoHa TpeyroNbHU-
ka ABC, To Touka H nexuT Ha cTopoHe BC. O6o3HauuM BH = x. Toraa

CH=BC — BH =15 — x. B npAMOYTO/JIbHBIX TpeyroabHUKax AHB 1 AHC
AH? = AB>—BH*=169—-x®> u AH?= AC?>-CH?=196—(15-x)2

Ha ypaBHeHus 169 — x? =196 — (15 — x)? HaxoauM, YTO X = 35—3 CnegoBa-
TEJILHO,

2 2_ 222
AH = VA -BH? = (13- (8) = &3 =

MOXHO pelTb 3Ty 3ajady, IpUMeHsAs TeopeMy KOCHHYCOB.

Pew e HHe 3. [lycte AH — yka3aHHas BbICOTa TpeyroibHuka ABC
co ctopoHaMu BC =15, AC =14, AB=13. 1o TeopeMe KOCHHYCOB
225+169-196 _ 33

2-15-13 - 65’

a U3 [IpAMOYTOJILHOTr'O TpeyroJibHUKa ABH HaxoguM, 410

2
AH=ABsinAABC=13\/1—(§) =%. <

cos ZABC =
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s BeMUCIEHHA GUCCEKTPHCH! TakKe MOXKHO HCIIONIb30BAaTh METOX
IIolaaei.

IMpumep 4. CTOpPOHEI TPEYrOJIbHUKA PaBHHI a U b, a yroy MeXxay HUMH
paBeH y. HaiiauTe 6McCeKTPHUCY TPeyToJIbHUKA, NPOBEJEHHYIO U3 BEpIIH-
HBI 3TOrO yI/a.

Y
2ab cos 2

a+b -

PenureH ue. Iycrs S — mwlomaas AaHHOTO
TPEYroAbHUKA, S; U S, — IUVIONAAu TPEyTrob-
HUKOB, Ha KOTOphle yKa3aHHas 6HcceKTpHca,
paBHas [, pa3buBaeT AaHHBIH TPEYTOJbHHUK.

Torma S=S,+S,, win

Omsem:

1o 1 Y 1y
sabsiny = salsing + 2bl sin 3,

g r_1 .
W ab51n2cosz—2(a+b)lsm2.

2abcos %

.Y _
ITockoneKy sin 5 OTIM4EH OT HyJ, [= —atb <

* % %

HHorga yao6HO MpHUMEHHUTh TEOpeMYy KOCHHYCOB M CBOMCTBO GHCCEK-
TPUCHI TPEYTONbHUKA: OUCCEKTPHCA TPEYTOIbHUKA pa3buBaeT ero CTOpo-
HY Ha OTPe3KH, IPONOPIUOHAIbHEIE ABYM JIPYTUM CTOPOHAM.

INMpumep 5. BeryucinTe GUCCEKTPUCY TpeyrolbHUKa ABC, poBeséH-
HYIO U3 BeplIUHH A, eciu BC =18, AC=15, AB=12.

Omegem: 10.

PemeHne. Iyctb AK — 6UccekTpHca A
TpeyronbHuka ABC. Torga

CK _AC _15_5 12 15

BK AB 12 4
4 4
[Tostomy BK = §BC= 3 18=8.

Ilo TeopeMe KOCHMHYCOB M3 TpeyrojbHMKa B 8 K 10 C
ABC HaxoauM, 49TO

cos/B — ABPHBC—AC® _ 144+324-225 _ 9
= 24B-BC _ 2-12-18 16

CrnepoBaTensHO,

AK? = AB>+BK2-2AB-BK cos /B = 144+64—108 = 100, AK = 10.
R]
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3Ty e 33ja4y MOXKHO PEIIUTb, UCTIONb3YA GOPMYITy ANA KBaApara 6uc-
CEKTPHCHL.

Yreepixaenue. Keadpam buccexmpucsi mpeyzoasHUKA paseH npou3ae-
OeHUI0 CMOPOH, eé 3axmouaroujux, be3 npoussedenus ompe3kos mpemboell
CMOPOHbBL, HA KOMOPble OHa pasdeneHa buccekmpucoti.

JoxkxasaTtenscTso. Ilycte M — TOYKA epecedeHUs IIPOAOIIKe-
Hus 6uccektpuckl AK TpeyronsHuka ABC ¢ OIMCaHHOM OKOJIO 3TOrO Tpe-
YTOJILHHKA OKPYXXHOCThI0. Toraa tpeyronbHUK ACK nofiobeH TpeyrosibHu-
Ky AMB 1o ziByM yrnaM. [loatomy

AK  AC
AM’
AK?+ AK-KM = AB-AC.

wm AK(AK+KM) = AB-AC,

AB

CnegoBare/ibHO,
AK? = AB-AC— AK-KM = AB-AC—BK -KC

(AK - KM = BK + KC 110 TeopeMe O IIPOH3BeAEHHUAX OTPE3KOB IIepeceKalo-
muxca XopA). YTo u TpeboBasoCh AOKA3aTh. (]

BepHémca k npumepy 5. IlycThb yxxe HaleH orpe3ok BK. Toraa CK =
= BC — BK =18 — 8 =10. Ilo ¢opmyne ans KkBagpaTa 6MCCEKTPUCH Tpe-
yroZbHHUKa HAaXOAHWM, YTO

AK? = AB-AC—BK-CK =12-15—8-10 = 180 — 80 = 100.
CnegoBatensro, AK =10.



IToAroToBHTEJABLHBIE 3a4a9H

5.1. KaTeT ¥ runoreHy3a NpAMOYTOJBHOTO TPEYrOJbHUKA paBHHI 12
H 20 cooTBeTcTBeHHO. HalauTe BEICOTY, NMPOBEAEHHYI0 M3 BEPIIUHBI
IIPSIMOTO yIVIa.

5.2. HaiiiuTe BEHICOTY IPAMOYTOJIBHOTO TPEYTOABHUKA, ONYIIEHHYIO Ha
TUIIOTEHY3Y, €CJIM U3BECTHO YTO OCHOBaHUE 3TOH BBICOTHI AEJHAT runore-
Hy3y Ha oTpe3ky, paBHHE 1 U1 4.

5.3. BricoTa paBHOOEAPEHHOTO TPEYTOMbHHKA, OMyLIeHHasA Ha 6OKo-
BYIO CTOPOHY, pa3buBaeT e€ Ha OTpe3KH, paBHble 2 U 1, cuHTad oT Bep-
LIMHBI TPEYTOIbHUKA. Hailanure 3Ty BBICOTY.

5.4, Cropous! Tpeyronvuuka paessl 10, 17 v 21. Hadiaure BrICOTY Tpe-
YTOJIbHHKA, IPOBEAEHHYIO U3 BEPLIMHBI Haubonblero yra.

5.5. B Tpeyronbhuke ABC u3BecTHO, 4To AB=a, AC=b, ZBAC =120°.
Haitgure 6uccexrpucy AM.

5.6. KaTeThl IpAMOYTOIBHOIO TPEyroJbHUKA PaBHHI a W b. Hailigure
6UCCEeKTPUCY TpeyrolbHUKA, IPOBEJEHHYIO U3 BepPUIMHLI IPAMOro yIia.

5.7. B rpeyronbHuke ABC u3BecTHoO, uTo AB =8, AC=6, ZBAC=60°.
Haitgure 6uccekrpucy AM.

5.8. HaiizuTe BRICOTY Tpamenuu, 60KoBble CTOPOHBI KOTOPOI paBHEI 6
M 8, a OCHOBaHHA paBHHI 4 U 14.

TpeHUpPOBOYHBIE 3aJa4H

5.9. HaiiauTe BEICOTHI TPEYTONLHHKA, €CIH €ro IUIoLaAb paBHa S, a yr-
JIbl paBHEL @, B U Y.

5.10. PaccTosiHMSA OT TOYKH M, Jexalleil BHyTpHU TpeyroibHuka ABC,
Ao ero cropoH AC 1 BC cootBeTcTBeHHO paBHbI 2 1 4. HalauTe paccros-
HHe OT TOYKH M 1o npamoit AB, ecin AB=10, BC=17, AC=21.

5.11. K okpyXHOCTH paauyca 7 IpoBesieHH ABe KacaTeJbHEIe U3 OTHON
TOYKH, YAQJIEHHON OT LIeHTpa Ha paccTogHUe, paBHoe 25. Halaure pac-
CTOSIHHE MeXJy TOYKaMH KacaHHs.

5.12. Haiiaure mwiomaabs paBHOoGeJpEHHOTO TPEYTOILHUKA, €CTA BBICO-
Ta, OMYI[eHHasA Ha OCHOBaHUe, paBHa 10, a BBICOTA, OIyIleHHas Ha BOKo-
BYHO CTOpPOHY, paBHa 12.

5.13. Ha kartere BC npsamoyroipHOro TtpeyroibHHKa ABC Kak Ha
JviameTpe NMOCTPOEHA OKPYKHOCTB, KOTOpaA NepeceKkaeT rUnoTeHysy AB
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B Touke K. Hatiaure ruromas TpeyronsHuka CKB, eciu kateT BC paBeH a,
a xareT AC paBeH b.

5.14. Ha BhicoTe CD, omymeHHON M3 BeplIMHH C NpAMOYTOJIBHOTO
TpeyrosbHUKa ABC Ha runoteHy3sy AB, xak Ha AuaMeTpe IIOCTpPOeHa
OKPYKHOCTb, KOTOpasA INepecekaeT kaTteT AC B Touke E, a kxarer BC
B Touke F. Haiizure miomazae 4eteipéxyronbHuka CFDE, eciu katet AC
paBeH b, a karet BC paBeH a.

5.15. B paBHOGeJpEHHOM TpeYroJIbHUKE OCHOBaHUe U OOKOBaA CTOPO-
Ha paBHHI COOTBETCTBEHHO 5 U 20. Haligure 61McceKTpUCY yTia IPU OCHO-
BaHHH TPEYTOJBHUKA.

5.16. B paBHOGeapeHHOM TpeyroibHuke BCD ¢ ocHoBanuem BD mpo-
BegeHa 6uccexktpuca BE. U3sectHo, uto CE =c u DE =d. Haitaure BE.

5.17. B TpeyronbHuke ABC Ha cTopoHe AC Kak Ha AMaMeTpe I0CTpo-
€Ha OKPYXHOCTb, KOTOpas IepeceKkaeT CTOpOHY AB B Touke M, a cTOpoHY
BC —B Touxe N, HsBecTtHO, yto0 AC=2, AB=3, AM:MB=2:3. Haligu-
Te AN.

5.18. B npaMoyroibHOM TpeyronbHuke ABC npoBezeHa GMcceKTpuca
CD npsamoro yriaa C. M3BecTHO, ur0 AD =m, BD = n. Haligure BHICOTY,
ONYIIEHHYIO U3 BepIIUHE C.

5.19. B TpeyronsHuke ABC yron C paBeH 60°, a 6uccekTpuca, IIpoBe-
AéHHasA U3 BepiuHb C, paBHa 5+v/3. CTopoHbl AC 1 BC OTHOCSTCH Kak
5:2. Haiigure TaHreHc yria A u ctopoHy BC.

5.20. B tpeyronsHuke ABC Ha ctopoHax AB 1 BC oTMedeHH TOYKU M
U N COOTBETCTBEHHO, IIpHuéM BM = BN. Yepe3 TouKy M npoBezeHa IpA-
Maf, nepneHguKyasapHasa BC, a yepe3 Touky N — npaMas, nepneHauKy-
JapHas AB. Otu ipamble NepecekaloTcs B Touke 0. [IpogomkeHne oTpe3ka
BO mnepecexaer cropoHy AC B Touke P U Aenur e€ Ha oTpe3ku AP =5
u PC = 4. Haitaute BP, eciy H3BeCcTHO, uyTo BC =6.

5.21. OxpyxHocTs Kacaetca cTopoH AB u BC tpeyronbHuka ABC
B Toukax D u E coorBercTBeHHO. Halaure BhicoTy TpeyronbHuka ABC,
ONYIIEeHHYIO U3 TOYKU A, ecit AB=5, AC=2, a ToukH A, D, E, C nexart
Ha OJHOM OKPY>KHOCTH.

Yk a3auue. TpeyronbHuk ABC paBHOOeJpEHHBIH.

5.22. B TpeyronbHuke ABC npoBejeHH 6uccekTpuch AE u CD. Haitau-
Te AMUHH 0Tpe3koB CD, CE, DE U paccToAHHE MeXJy LEHTPAMHU OKPYXKHO-
cTei, BIMCAaHHOH B TpeyroNbHUK ABC 1 ONHCaHHOH OKOJIO TPEeYTONbHUKA

ABC, ecnu AC=2, BC=4, ZACB=arccos Tz.
5.23. B tpeyronmpHuke ABC oTHoumeHHe CTOpoHH BC k ctopone AC

paBHO 3, a ZACB = a. V3 BepuiHbl C IpPOBEJEHH JBa Jy4a, AeJAIIHE
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yron ACB Ha Tpu paBHbie YacTH. HaiiauTe oTHOLIeHHe OTPE3KOB 3THX JIy-
yel, 3aKIFOYEHHBIX BHYTPH TpeyronbHUKa ABC.

5.24. Buccexrpuca CD yrna ACB npu ochoBanuu BC paBHObOeApeH-
HOTO TpeyronbHuka ABC penur cropoHy AB Tak, uro AD = BC. Haiiaure
6uccexrpucy CD u wiowmazb TpeyroabHuka ABC, e BC =2.

YxaszaHue. IlycTe npamas, npopeiéHHas Yepe3 Touky D mapai-
nesbHO BC, nepecekaet ctopoHy AC B Touke E. TpeyronsHuku ADE n CBD
PAaBHHI 110 ABYM CTOPOHAM U YIJIy MEXJIY HUMH.

5.25* B TpeyronsHuKe KLM nposezeHa 6uccekrpuca KP. OKpyXHOCTD,
BIIMCAaHHAA B TpeyroabHUK KLP, KacaeTca cTOpoHE! KL B TouKe Q, IpHYEM
LQ =a. Ha croponax KL u LM BeiGpaHb! TOYKH E U R COOTBETCTBEHHO TaK,
gyTo npsimast ER npoxoauT yepe3 LIEHTP OKPY)KHOCTH, BIIMCAaHHOM B Tpe-
yronmpHuk KLM. Haiiaute pmuHy GuccekTpuchl KP, ecid U3BECTHO, HTO
EL + LR =b, a oTHOIIEHHe ILIOA/ei TpeyronbHUKOB KLP u ELR paBHO a.

YxkaszaHnue EumM r— paguyc OKPYKHOCTH, BIIUCAHHOH B Tpe-

yrosbHUK KLM, 10 Sk p= 1 (KL+LP)r, Spgir= 1 (EL+LR)r.
2 2



§ 6. OTHOIIIEHHe OTPEe3KOB.
PemieHue 3ajauyy 6 U3 AMArHOCTHYECKOH paboOThI

6. Toykn M 1 N — cepeauHEI CTOPOH cooTBeTcTBeHHO BC 1 CD nmapait-
JenorpaMma ABCD. OTpe3ku AM u BN niepecekaroTcs B Touke O. Haiign-

Te OTHOILIEHHUE Mo
OA”

1
Omaeem: 7

Pewm e 1 u e. Ilycth npoao/DKeHUs oTpe3koB BN u AD nepeceKkaloTca
B Touke E. O6o3nauum BM = CM =a. Toraa AD =BC = 2a.

B a M a (

A 2a D 2a E

Tpeyronvuuk DNE paBeH TpeyronbHUKYy CNB 10 CTOpOHe U IpWIeXxa-
KM K He#t yriaMm, noatomy DE = BC = 2a. 35a4uT,

AE = AD+DE = 2a +2a = 4a.
TpeyronbHuk BOM nozgoben TpeyronbHUKY EOA, cie10BaTENbHO,

MO _BM _a _1 -
OA  AE = 4a 4

* Kk

BonpIIMHCTBO 337134 2TOro pasjelia pelarnTcs JH00 ¢ IOMOIIBIO Teo-
PeMEBI O IIPONIOPLMOHAIBHEIX OTpe3kax (0600uéHHoI1 TeopeMsl Paneca),
160 € NOMOIIBI0 AONOIHUTENBHOTO IOCTPOEHHUA, KOTOPOE IPHBOAUT
K ABYM IlapaM [OAOGHBIX TPEYTOJIbHUKOB. PACCMOTPUM 3TO MOCTPOEHHE,
pelInB CIeAYIOUYIO 3a1a4y.

Ilpumep 1. JlaH TpeyroabHuk ABC. Ha npoao/mkeHHH CTOpOHH AC
3a Touky C B3sTa Touka N, npHuéMm AC = 2CN. Touka M HaxoAuTcA Ha
cTopoHe BC, npuuém BM : MC =1: 3. B xakoMm oTHOIIeHUH npsamass MN
JAeJIUT CTOpOHYy AB?

Omeem: 1:9, cunTan oT Touku B.
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1
Te2B

P e e H 1 e. Yepes TOUKy B nIpoBeAEM NpAMYIO, ITapawleapHy0 AC,
Ilycte npamana MN nepecexaer e€ B Touke T, a npamyto AB — B Touke K.

O603Hauynm AC =a. Toraa CN = %a, AN = %a. W3 nozobua Tpeyrob-

HUKOB TBM n1 NCM (xoadduumeHT noxobus paBeH %) HaXoA¥M, 4TO

_ley=1
TB = 3CN = g4,
a u3 nogo6bus tpeyronbHUKoB TBK 1 NAK —
BE_T8 _1;:(30) =1 <
AK T aN T 61 \29) T o
[IpuMep 1 MOXKHO JIETKO PelUXTh ¢ MIOMOLIBI0 TeopeMbl MeHesnas, HO
3Ta TeopeMa He BXOZUT B 0OA3aTEJIbHYIO MIKIBHYIO IIporpaMMy. 3ame-

THM, 4YTO TeopeMy MeHeslas MOXHO [JOKa3aTh, HCIIONb3YA TE XKe pacCyxk-
JAEeHUA, YTO U NIPU pelieHUH Pa3obpaHHOH BhILIE 3a7a4H.

IIpumep 2. Ha cropoHax AB U BC tpeyronbHuKa ABC pacnoloXeHbl
Toukd M u N coorBeTcTBeHHO, npuuéMm AM :MB=3:5, BN:NC=1:4.
Ilpamele CM u AN mnepecekatoTcsa B Touke O. Haligure oTHOHIEHHA
OA:ONuOM:0C.

Omeem: 3:4; 3:32.

PemeHnue Yepes ToUKy A mpoBeaéM NpAMYIO, [apa/UleJbHYIO
BC. Ilycte T — To4Ka eé nepeceyenus ¢ npamor MC. Iloroxum BN =aq,
CN =4a.

V3 nogo6us TpeyronbunkoB AMT 1 BMC (ko3ddurnieHT %) HaXOLHUM,
9TO

AT = %BC = g(BN+NC) - %(a+4a) = 3a,

a ¥3 nogo6us TpeyroabHUKOB AOT 1 NOC nonydaem

OA AT _3a _3

ON =CN ~—2a — &
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AHa/OrHYHO HaX0AHM, YTO %Ié.—l = §3~2— <
HHorga npu pelreHny 3aa4 Ha OTHOIUEHHE OTPE3KOB yA06HO prme-
HHTb METOZ TUIOLIA/IEH.

ITpumep 3. Ha ctoponax AB, BC u AC TpeyroibHuka ABC B3ATEI cO-
oTBeTcTBeHHO To4kd M, N u K Tak, uto AM :MB=2:3, AK:KC=2:1,
BN :NC=1:2. B xakOM oTHolleHU npamas MK genut orpesok AN?

Omeem: 6:7, cudTad OT TOYKH A.

P e um e H u e. [Tyctes P — Touka nepeceueHus npsamoii MK ¢ orpeakom
AP
AN. O603HauuM 5> =X U Sppc =S. Torza

AN
BN 1 CN 2
Saasw =3¢ S= 35 Saaw =3¢ S=35
AM AP 2 1 2
Saamp = Zp AN Sansy =5 X 375 = 1555,
AK AP 2 2 4
Saaxp = 2¢ " AN ‘Saacy = 37X+ 35 = gXx§,
_AM AK o 225 4
Saamx = g ac =53 5= 155
A
M
b
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HOCKOJH)KY SAAMK =SAAMP +SAAKP, TO

xS+ xS——S

9

6 AP _ 6
Orcrofa HaxoAuM, 4To X = - . (J1eioBaTeNbHO, —o = 5. <
13 PN 7
Mpumep 4. /LIHHBI CTOPOH TPEYTrOJbHHUKA pPas/IMYHBI U 00pasyioT
apudMeTHUYECKyIO Iporpeccro. JloKaXure, YTO IpsAMad, NpPOXOAAIas
Yyepe3 TOYKY [epecedeHUs MeJHaH M LUEeHTP BIMCAHHOW OKPYXHOCTH,
napauiejabHa OAHON U3 CTOPOH TPEYTrOMbHUKA.

JokxasartenscTBo. Eum yncia obpasyior apudmeTHUECKYIO
IIPOTrPECCUI0, TO OZHO M3 HUX eCThb CpefHee apUdMeTHUeCKoe ABYX ApY-
rux. Ilycrb O — LeHTp BNUCAHHOW OKPY)XXHOCTH (TOYKa IepecedeHHUs
a+b

2
Torga, nockonbky CQ — 6Hcce1('rp14ca Tpeyronbmu(a ABC, nomy4aem
BQ BC _a

6uccextpuc) TpeyroabHuka ABC, B koTopoM AC=b, BC=a, AB=——

A0 — AC = },» 3HauwT, BQ =z u AQ = 5 a T.K. BO — buccexkTpuca
a
TpeyronbHuka BCQ, 10 =~ O Q a:5= 2.
C
M
(0]
p A K A
a b
2 2

C apyroii ctopoHsl, ecniu K — cepeauHa cTopoHsl AB, a M — Todka ne-
W _ =2. HoatoMy == o _ M

MK 0Q ~ MK’
aHauymt, OM || AB. Yro ¥ TpeGoBa/IoCh 0KA3aTh. O

peceyeHHs MeZHaR TpeyrojibHuka ABC, To 1+



IToaroTOBUTE/JIbHBIE 3a/]la4YH

6.1. Ha meanane AM TtpeyronsHuka ABC B3sta Touka K, npuuém
AK : KM =1:3. Haliiure oTHOIIeHHe, B KOTOPOM 1pAMas, I1poXojdasn
Yyepes TOUKY K NapajinejabHo cTopoHe AC, eUT CTOpoHy BC.

6.2. Jlan TpeyronbHUK ABC. Ha npopomkenun cropoHsl AC 3a To4-
Ky C Basta Touka N, npu4ém CN = AC; Touka K — cepeinHa CTOPOHEI AB.
B xaxoM oTHolIeHUH npaMag KN aeaur cTopoHy BC?

6.3. Ha ctopone BC TpeyrospHuka ABC ¥ Ha IIPOAO/DKEHUH CTODO-
HbI AB 3a BeplIMHY B pacrionoxeHb! TOYkKH M U K COOTBETCTBEHHO, NIpU-
yéM BM :MC=4:5 1 BK: AB=1:5. lIlpamaa KM nepecexkaeT CTOPOHY
AC B Touke N. Hatigure oTHomeHue CN : AN.

6.4. Ha cropoHax AB u AC TpeyronbHUka ABC pacnonoeHsl TOYKU
Kn L, npuyém AK:KB=4:7 u AL:LC=3:2. [Ipamasa KL nepecexaer
Ipofo/DKeHHe cTopoHbl BC B Touke M. Halaure oTHoulenne CM : BC.

6.5. Ha ctopoHax AB u BC napawienorpamma ABCD pacnonoxeHsl
ToukM N U M cooTBeTCTBeHHO, Npu4éM AN :NB=3:2, BM:MC=2:5.
[Ipamele AM ¥ DN nepecekarorca B Touke O. Haiiaute oTHoumreHus
OM:0AuON:0D.

6.6. Ha ctopoHax AB u AC tpeyronbauka ABC pacnonoxeHbl TOYKU
N ¥ M cooTBeTcTBeHHO, Npu4éM AN :NB=3:2, AM :MC =4:5. Ilpa-
Mele BM u CN nepecekawTca B Touke O. Haliaute oTHoweHus OM : OB
H ON:0C.

6.7. B paBHOGeapeHHOM TpeyronsHuke ABC (AB = BC) Ha cTopoHe BC
B3fgTa Toyka D Tak, yto BD : DC =1:4. B xkakoM OTHOWEHUH npAaMas AD
AielIUT BeICOTY BE TpeyronbHnKa ABC, cuuTas oT BepIIHHEL B?

6.8. Ha MeznaHe AA; TpeyronpHuka ABC B3fiTa Touka M, NMpUYéM
AM :MA; =1:3. B xaxoM oTHoueHUM npsimasa BM genut ctopoHy AC?

6.9. Touku A, u C, pacnooxeHs Ha cropoHax BC u AB TpeyronbHHKa
ABC. Otpeaku AA, u CC, nepecekaroTca B Touke M. B kakoM OTHOILIEHHH
npsamasa BM penut ctopory AC, eciiu AC, :CiB=2:3uBA;:A;,C=1:2?

6.10. B TpeyronrHuke ABC u3BecTHO, yTo AB =¢, BC=a, AC =b.
B xaKOM OTHOLIEHUH LIeHTP BIMCAHHON OKPY>XHOCTH TPEYTONILHUKA JAETHT
6uccextpucy CD?

TpeHUpPOBOYHEIE 3a/ja4H

6.11. Ha cTropoHe PQ TpeyrosibHHKa PQR B3fiTa TOuka N, a Ha cTOpoHe
PR —Ttouka L, npuuém NQ = LR. Touka nepecedeHns oTpe3koB QL U NR
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ZeJUT oTpe3oK QL B OTHOLIEHWH m : n, CYUTad oT ToUkKH Q. Haiiaure oT-
HoueHue PN : PR.

6.12. B TpeyronpHuke ABC 6uccexkrpuca AD menut ctopoHy BC B oT-
HomieHUH BD : DC = 2:1. B KakoM OTHoOIIleHUHU MejguaHa CE jJenuT 3Ty
6ucceKTpuCy?

6.13. Ha cropoHax AB, BC u AC TpeyrosbHHKa ABC B3ATBHl COOT-
BETCTBeHHO ToykM K, L u M, npnuéMm AK :KB=2:3, BL:LC=1:2,
CM :MA=3:1. B xakOoM OTHOLLIeHUH OTpe30K KL AeJuT oTpe3ok BM?

6.14. B TpeyronbHuke ABC, wiomaab KoToporo paBHa 6, Ha CTOpOHe
AB B37ATa TouKa K, Aediias 3Ty CTOpPOHY B oTHOmeHUU AK : BK =2:3,
a Ha cTopoHe AC B3ATa To4Ka L, geamasn AC B oTHowleHUH AL : LC=5:3.
Touka Q nepeceuyenuns npsameix CK u BL orctouT ot npsimoi AB Ha pac-
crogHuH 1,5. HaiiaiuTe cTopoHy AB.

6.15. B rpeyronsauke ABC Ha ocHoBaHMHU AC B3ATH TOYKM P U Q TaK,
qr0 AP < AQ. IIpsaiMele BP u BQ aenar MmegnaHy AM Ha TpU paBHBIe 4acCTH.
HaBecTHO, yTo PQ = 3. Haligure AC.

6.16. /lan TpeyroabHUK ABC. U3BecTHO, yTo AB=4, AC=2 n BC=3.
buccekrpuca yrina BAC nepecekaer ctopoHy BC B Touke K. [Ipsamas, npo-
XOAAIas yepe3 TOUKy B napannensHo AC, nepecekaeT npogo/nKkeHue ouc-
cextpuchl AK B Touke M. Haligure KM.

6.17. OK0/10 OKPY>KHOCTH OlKcaHa paBHOOeApeHHas Tpaneuus ABCD.
Boxosrie cTopoHbl AB 11 CD KacawTcs OKPY>XHOCTH B Toykax M U N, K —
cepeauHa AD. B kakoM OTHOIIEeHUHM IipAMast BK genut oTpesok MN?

6.18. OKOI0 OKPYXKHOCTH OllMcaHa paBHOOeApeHHas Tpaneuus ABCD.
BokoBas cTropoHa AB KacaeTcs OKPY>XHOCTM B Todke M, a oCHOBaHHe
AD — B Touke N. OTpe3skut MN n AC nepecekarnTca B TOUKe P, npuiém
NP :PM =2. Hatigure oTHomeHue AD : BC.

6.19. Bo BicaHHOM 4eThIpéxyrobHuKe ABCD n3BecTHB OTHOLIEHUSA
AB:DC=1:2uBD:AC=2:3. Hatigure DA : BC.

6.20. B TpeyronbHuKe ABC nipoBeZeHa Beicota AD. IIpsiMble, oqHA U3
KOTOPBIX cogepxuT meaunady BK, a Bropas — 6uccexrpucy BE, felar aTy
BEICOTY Ha TPH paBHBIX oTpe3ka. MaBecTHo, uto AB = 4. Haiijgure cTopo-
Hy AC.

6.21* [Ip1 KaKoM OTHOLIEHHH OCHOBAHUM TpalelHH CylleCcTByeT NpA-
Masi, Ha KOTOPOH IIeCTh TOYeK llepeceyeHms ¢ AUaroHaJIaMH, HOKOBBIMH
CTOPOHAaMM M IPOJO/DKEHMAMM OCHOBAHWM TpallelUM BBICEKAKOT MATH
paBHBIX OTPE3KOB?

6.22% B tpaneuuu ABCD ¢ 60koBbIMH cTOpoHaMu AB=9 u CD =5
6uccexrpuca yrna D nepecekaer 6uccexrpucs yrioB A u C B Toukax M
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U N COOTBETCTBEHHO, a 6uccekTpuca yria B nepecekaeT Te xe 2Be Guc-
CeKTPHCH B TOYKax L ¥ K, npuyéM Touyka K JeKUT Ha OCHOBaHHH AD.

a) B xakoM OTHOIIeHWM Npamass LN aenuT cTopoHy AB, a npsamas
MK — cropony BC?

6) Haiiaure otHomenue MN KL, ecnu LM :KN=3:7.

6.23* M3 Toukn A npoBeLeHHI JABe KacareabHble (M U N — TOYKH Ka-
caHna, O — LeHTP OKPY)XHOCTH) M CeKyllas, NepeceKaiolan 3Ty OKPyX-
HOCTB B To4YKax B u C, a xopay MN — B Touke P. M3BecTHO, yTto AB: BC =
=2:3. Haiigute AP : PC.

YrkaszaHue. Ilycte D u E—cepeanns xopa MN u BC cooTBeT-
creedHo. Toraa AP - AE = AD - AO=AM?=AB- AC.



§ 7. OTHOLIEHHEe IUTOaAECH.
PelreHue 3aza4H 7 U3 AUArHOCTHYECKOH paboThI

7. B Tpeyronbiuke ABC Meauana AD u 6uccextpuca BE neprieHAUKY-
JIApHBI ¥ NlepeceKaloTcA B Touke F. U3BecTHo, YTO IUI0MWAAL TPEYTONBHHKA
DEF papHa 5. HaliauTe wiowazp TpeyroabHuka ABC.

Omeem: 60.

Peu e H u e. TpeyronbHUK ABD paBHOOeApeHHBIH, TaK Kak ero 6uc-
cekTpuca BF sBiseTca BBICOTOH. [ToaTOMy

AF =FD = Spape = Sapre = 5.
A

B ’ D ’ C
Kpowme Toro, BC =2BD = 2AB. Torzaa no cBoiicTBY 61 CCEKTPHCHI TPEYTO/Ib-
HHKa EC _ BC _ )
AE~ AB— ~
CrnepoBaTenbHoO,
Sapec = 25aapE = 4Saper = 20, Saapc = 30.

BHa‘{HT, SAABC = 2SAADC =60. <

* Kk %

[Tpu pemrenny 6OMBLIMHCTBA 3a/1a4 3TOTO pa3jesia IPUMEHAIOTCA ABa
MIPOCTHIX YTBEPXACHUA:

1) ecsiu Touka M JiexuT Ha cropoHe BC TpeyronbHUKa ABC, TO Iwiowa-
U TpeyroabHNKOB AMB 1 AMC nponopunoHaibHH oTpeskaM BM u CM,
T.e Samus _ BM,
T Saame CM?

2) ecJi NpAMas lepecekaeT cTOpPoHb AB U AC TpeyronbHUKa ABC

(w11 UX IpoAO/DKeHHUA) B TOUKaX P U Q COOTBETCTBEHHO, TO

Saare _ AP AQ
Saasc AB AC~
[epBoe U3 3TUX YTBEPIKAEHUH BbITEKAET HelloCPeACTBEHHO 13 GOPMYIHL
IUIOLIAIN TPEYTroJbHUKA [0 CTOPOHE U OIIYLICHHOM He Heé BricoTe: Y Tpe-
YTOABHUKOB AMB 1 AMC ofHa ¥ Ta >Ke BBICOTA, OMYILEeHHaA u3 obmei

BEPIUHHEI A.
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A A

B M Cc B C

BTopoe yTBepKAeHHe MOXHO JIETKO BBIBECTH U3 GOPMYJBI IIOMAIU
TpeyroAbHHUKA 110 JBYM CTOPOHAM H YIUIY MEX/Y HUMH: ¥ TPEYTOAbHUKOB
APQ n ABC yrabt npu obweit BepmuHe A a0 paBHbI, 1100 B cCymMe
coctasnsmioT 180°.

HanomHuM Takke, YTO OTHOIIEHHE IUIOIAAeN T0J0OHBIX TPEeyTroMbHU-
KOB paBHO KBaJpaTy KoadPruLneHTa nofobus.

IIpumep 1. [loxaxkute, YTO MeJWaHBl TPEYTOJbHHUKA pa30HBAIOT ero
Ha [1eCTb PABHOBEJIMKMX TPEYTOJbHUKOB.

JokxasarteanbcTBO. IlyctTh M —To4Yka IlepecedyeHHUs MeAHaH
AA,, BB,, CC, Tpeyronbuuka ABC. Torza

1 1 (71 1
Sapmc = 35a8,8¢ = 3" (isauc) = & "Saasc

AHaNOTUYHO AJIA OCTANbHBIX TIATH TPEYroabHUKOB. Takum obpasom, 1wio-
ajb KaXA0ro U3 WIECTH TPEYTOIbHUKOB PaBHA LIECTOM YacTH IUIOAaaN
HCXOAIHOT'O TPeyToJIbHUKA, O

ITpumep 2. Yepes cepeguny M croponsl BC napaanenorpamma ABCD,
TUIOMab KOTOPOro paBHa 1, ¥ BepmnMHYy A NpoBeAeHa NpAMas, nepecexa-
omas auaroHanabs BD B Touke O. Halaure ILToab YeTHIPEXYTOMBHUKA
OMCD.

5
Omeem: 12
Pe m e B 1 e. 3 nogobus rpeyronsHukos BOM u DOA HaxouM, 4To

BO _BM _1

oD AD 27
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[NoaTo Bo _1 a Tak KakK BM_1
MY BD = 3 BC 20 T°
s _BOBM o _111_1
ABOM —™ Bp BC “ABCD T 3 2 27 12°
B M
CrexoBaTesbHO,
1 1 5
Somcp = Sapco —SasoM =35~ 13 = 13- <

IIpumep 3. JuaroHan pasbUBaIOT BHITYKJIBIH YeTHIPEXYTOIbHUK Ha
TPEYTOJILHUKM C IUIOIAAAMU Sy, S,, Sz M S4 (S M S; — mwiomaau Tpe-
YTOJIBHUKOB, TpPWIEKAIHUX K INPOTUBOIOJIOKHBIM CTOPOHAM YeTHIPEX-

yroJibHUKA). JJokakKUTe, 4To $153 =5,5,.

JoxkasaTtenbcTBoO. IlycTh gHAaroHaaW BBITYKJIOIrO YeTHIPEX-

yronbHuka ABCD nepecexaroTcs B Touke O,

Saaos =S1, Sasoc = S2s Sacop =S3s  Sasop = Sa-

s

S4

A D
S _A0 _ S; A0

- _ 51 _ S -
Toraa 3, = OC H s, ~ oC TIO3TOMY S, S, CnenoBaresbHo, S153=

25254.

O



IToAroToBUTEJNbHEIE 3aa4H

7.1. HalizuTe wiomaAb TPEYTOILFHUKA, BEPUIMHBI KOTOPOIO — Cepeay-
HBI CTOPOH TPEYTOJIbHUKA IUIOLAAHU 4.

7.2. Touxkn M u N pacnonoxeHbl Ha cropoHe BC TpeyronbHHKa ABC
wiowau 1, a touka K — Ha cropoHe AC, npuyéM BM :MN:NC=1:1:2
M CK : AK =1 : 4., Hatigure mioujaas yeThipéxyronsHuka AMNK.

7.3. Ha cropone AB TpeyronbHuka ABC B3SThl TOYKM M U N, IpU4éM
AM:MN:NB=2:2:1,

a Ha cropoHe AC — touka K, npuuém AK : KC =1: 2. HaliauTe rmiomazab
TpeyronbHUKa MNK, ecnu mwiomazs TpeyronbHuka ABC paBHa 1.

7.4. Yepe3 Touku M u N, zensume cTopoHy AB TpeyronbHuka ABC
Ha TPU paBHbIe YaCTH, NIpOBe/ieHEI NIpsAMble, NapajijebHele CTOpoHe BC.
HaiiguTe mwiomagb 4acTH TPeYTOJbHUKA, 3aKIIOUEHHOH MeXIy 3THMH
TIPAMBIMM, €C/IM IUIOLaAb TpeyronbHHka ABC paBHa 1.

7.5. Ha ctopoHax AB, BC u AC Tpeyronbhuka ABC B3sTh Touku Cj,
A; ¥ B; COOTBETCTBEHHO, IpUYEM
AC, _BA _CB _,
C,B~ AC BA
Hadiznre miomaab TpeyroabHuka A,B;C,, ecH riomaas TpeyrojlbHUKa
ABC paBHa 1.

7.6. CropoHa TpeyronbHUKa paBHa 36. [Ipsamasn, napanienbras 3ToH
CTOpOHe, IeJIUT ILIOA b TPEYToNbHHKA IononaM. Halaure 1iMHy oTpes-
Ka 3TOH NpsAMOH, 3aKI0YEHHOTO MeX Iy CTOPOHAMM TPeYTONbHUKA.

7.7. V3 cepeHHBI OCHOBAHHUA TPEYTONbHHUKA ILTOIIAAN S IIPOBEJEHBI
NpsAMEIe, NapalelbHble GOKOBHIM cTOpoHaM. Hakaute miomazs moty-
YeHHOr0 TaKkuM 00pa3oM NapajuieiorpaMmma.

TpeHUpPOBOYHBIE 3aJa4YU

7.8. VI3 Touku Ha OCHOBaHHH TpeyTOJIbHUKA IIPOBEEHbl NIPSAMEIE, Na-
pasUtebHble OOKOBBIM CTOpoHaM. OHM pa3bHUBaIOT TPEYTOAbHHK Ha Ta-
pasuiesilorpaMM H ABa TPeyroibHHUKA C IVIOIAZAMH S; U S,. Halaure wio-
Iajs napajurejorpaMma.

7.9. B tpeyronsuuke ABC npoegensl 6uccexrpuchl CF u AD. Haviaure
OTHOIIEHUE IUIomAAei TpeyronbHukoB AFD 1 ABC, ecnn

AB: AC:BC =121:28:20.
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7.10. TpeyroJbHUK M BIIMCaHHBIA B Hero poM0 MMeloT o6LMiH yroi.
CTOpOHBI TPEYTOJIbHAKA, 3aKII0YalOII/Ae 3TOT YT'oJI, OTHOCATCA KaK Im : n.
Haiiaure oTHoIIeHKe momaay poM6a K IIOma iy TpeyroIbHUKA.

7.11. /Ipe npaMble, NapasulieibHble OCHOBAHHAM Tpalleliuy, AT Kax-
Ayt 13 OOKOBBIX CTOPOH Ha TPH paBHBIe 4yacTH. Bca Tpanenus pasgene-
Ha UMM Ha TpH yacTH. HaliauTe mwiowaas cpefHeit yacTy, ey miolaiu
KpallHMX paBHHL S; U S,.

7.12. YeTbIp€XyrofbHUK Pa3feN€H JMaroHaJAMM Ha YeThIpe TPeyTolb-
Huka. [nomaau tpéx u3 Hux pasHol 10, 20 u 30, 1 kKaxJaa MeHbIE
IUIOLIAZIM YeTBEPTOro TpeyroJbHHKa. HaiznuTe mwiomazb AaHHOrO YeTH-
PEXYTONbHHUKA.

7.13. [nomagy TpeyroJsHHUKOB, 00pa30oBaHHBIX OTPe3KaMH AHaroHa-
Jledi TpalnelMi 1 e€ OCHOBaHHsMHY, paBHH S U S,. HaliauTe miomazs Tpa-
MenyH.

7.14. [liowazgs Tpaneuuu ABCD pasna 30. Touka P — cepeguHa 60Ko-
Boii cropousr AB. Touka R Ha ctopone CD BrIGpana Tak, uro 2CD =3RD.
[psimbie AR u PD nepecekaroTcs B Touke Q. HaliauTte maomaas Tpeyronsb-
HUKka APQ, eciu AD = 2BC.

7.15. JlaH BHINYKJBIM YETHIPEXYTOJbHUK IUIowWann S. Hakaure rwio-
IAJb YETHIPEXYTONBHUKA C BEPUIMHAMM B CEpeNHAX CTOPOH AaHHOTO.

7.16. [laH BBHITYK/IBIH YeTHIPEXYTONBHUK IVIOMAAU S. BHYTpH Hero BEHI-
bupaercs Touka U oTobpakaeTcsi CHMMETPHUYHO OTHOCHTENBHO CepeJuH
ero ¢topod. ITomyyaroTca 4eTelpe BEPUIMHEL HOBOTO YETBIPEXYTOJbHHUKA.
Hargure ero miaomagb.

7.17. B tpaneunn ABCD (BC || AD) puaroHaiy nepecekarTcA B TOY-
ke M, BC =b, AD =a. HaiiauTe oTHOIEHME IIOMIAAM TPpeyTronbHuka ABM
K IUIOIAAM Tpaneuuu ABCD.

7.18. B paBHOGegpeHHOM TpeyronbHuKe ABC GokoBble cTOpoHB BC
u AC B ABa pa3a 6osbiue ocHoBaHus AB. BUcCeKTPUCH YTJIOB IIPY OCHOBA-
HUM NlepeceKkaroTcA B Touke M. Kakyio 4acTs TpeyronbHUKa ABC coctas-
JIfeT IVIoIAAb TpeyroibHuka AMB?

7.19. B TpeyroapHuke ABC, mwiomaas KOTOPOro paBHa S, pOBeJEHbL
6uccexrpuca CE u meauana BD, nepecekarowmHneca B Touke O. Haitaure
IIoIaAb yeThipéxyronbiuka ADOE, 3Has, uto BC=a, AC=b.

7.20. B npAMOYTO/NBbHOM TPeYTOJIbBHUKE CUHYC MEHBLIEro yIvla paBeH %

[lepneHAUKYASPHO TUIIOTEHY3€e NMpoBeAeHa NpsAMas, pa3buBawouias Tpe-
YIOJIBHUK Ha AB€ PAaBHOBE&JIHMKYE YacTH. B KaKOM OTHOWIEHMH 3Ta IpAMas
JeJIAT TUIIOTEeHy3y?
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7.21, Ha cropoHax AB 1 AD napannejnorpaMma ABCD BafgTel TOYKH M
1 N. IIpu satoMm npameie MC u NC pa3buBarT napauieJIorpaMM Ha TpH
paBHoBestnkue yacTi. Haiiaure MN, eciu BD =d.

7.22. B TpeyronbHuke ABC yron A paseH 45°, a yron C ocTpaiid. Y3
cepeHHEI cTOPOHHL BC oITyllleH neprneHauKyaap NM Ha ctopoHy AC. [Lio-
magu TpeyronbHUKoB NMC u ABC oTHocsTcs kak 1: 8. HaizauTe yrist
TpeyroabHUKka ABC.

7.23. B TpeyronsHHKe ABC u3 Touku E cropoHul BC npoeejeHa IIps-
Mafl, NapauieabHasa BoicoTe BD U nepecekaroniad cTopoHy AC B Touke F,

Otpesok EF penur TpeyronbHMK ABC Ha [Be paBHOBEIMKHE (UIYDHI.
AD _ 2

"DC~ 7

7.24. Yepe3 HEKOTOPYIO TOYKY, B3ATYIO BHYTPH TPEYrojibHUKA, TpOBe-
JIEHbl TPM NpsAMbIE, NapaUlelbHble CTOPOHAM. JTH NpsAMble pa3bHBaloT
TPEeYTroJIbHHUK Ha IIecTh YacTel, TP U3 KOTOPBIX — TPEYT'OJIbHUKH C ILIO-

magsaMu S, S,, S3. HaligrTe 1wionagb JaHHOTO TPeyrONbHUKA.

7.25. B paBHOOespeHHOM TpeyronbHuke ABC (AB = BC) npoBejieHa
6nccekrpuca AD. [Liouragu TpeyronbHUKOB ABD u ADC paBHBI COOTBET-
cTBeHHO S; U S,. Haiiaute AC.

7.26. [inaroranay BHITYKJIOrO 4eTHIpéxyroibHuKa ABCD nepecexalor-
¢A B To4Ke E. VM3BeCTHO, YTO IIOWIAAb KOKAOTO U3 TPEYrOJIbHHKOB ABE
u DCE paBHa 1, niomaZb BCEro 4eTbIpEXYTOJIbHUKA He IIPeBOCXOIUT 4,
AD = 3. Haiiaure cTopoHy BC.

Haiinurte EF, ecnu BD =6

7.27. VI3 ToukH P, pacnonoXeHHOH BHYTPH OCTPOYTOJIbHOrO TPEYroib-
HUKa ABC, onyllieHH IIeplIeHAUKYAAPBI HA ero CTOPOHEL. JUIMHBI CTOPOH
U ONYIIEHHBIX HAa HUX [IepIEHANKYNIAPOB COOTBETCTBEHHO paBHH a U k, b
u m, ¢ ¥ n. HaiiinTe oTHoOLIeHMe IUIONIAAY TpeyroabHHKa ABC K Iulomaau
TpeyroabHHKa, BepIIHHAMY KOTOPOI'O CIyaT OCHOBAHUA TIePIeHANKYIA-
POB.

7.28. 3 ToukY P, pacnonoXXeHHON BHYTPH OCTPOYTOJBHOIO TPEyroJb-
HUKa ABC, omylleHH NepNeHAUKYIAPH Ha cTopoHRbl AB, BC U CA. Hep-
NIEeHNKY/ISIPBl COOTBETCTBEHHO PaBHHI [, m, n. BRIMUCAWTE IUIOMA/b TPe-
yronsHuKa ABC, eciu yrasl BAC, ABC u ACB cCOOTBETCTBEHHO paBHBHI d,
Bur.

7.29. lan napasuenorpamm ABCD. IIpamas, NpoxoAAias yepes Bep-
mwnHy C, nepecekaeT npsaMmele AB n AD B Toukax K u L. Ilnowagy tpe-
yronsHukoB KBC u CDL paBHH p u q. HaliguTe ruiomazap napauiejiorpam-
ma ABCD.

7.30. Ha 60okoBBIX cTopoHax AD ¥ BC Tpaneuun ABCD B3ATBHI TOYKH
P 1 Q coorBeTcTBeHHO, IpuuéM AP : PD =3:2, Orpe3ok PQ pa3buBaer
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Tpanenuo Ha 4YacTH, O/Ha H3 KOTOPKIX 110 IUTIOIIAAH BABoe OOJbIIIe IPYTOMH.
HaviauTe otHomenne CQ : QB, ecsiu AB:CD=3:2.

7.31. Ha croponax AB, AC u BC npaBwibHoro tpeyroibHuka ABC
pacToNIoXeHbl COOTBETCTBEHHO ToYKH Cq, B U A;, IPHYEM TPEYTOMbHHK

A;B,C, paBHOCcTOpOHHHA. OTpe3ok BB; NepecekaeT cTOpoHy C;A; B TOY-

Ke O, IpUYEM % = k. Haiizure OTHOWIEHHE IUVIOLIAAN TPEYTOJIbHUKA
1

ABC x riomiaZy TpeyronibHuka A, B, C;.

7.32. Ha cToponax AB, BC n AC TpeyroibHuKa ABC 1womajuy 1 otMe-
YeHBbI COOTBETCTBEHHO TOUKU Cq, A; H By, IpHIéM

Haiiaure miomager TpeyronbHUKa, BEPIIHHB KOTOPOro — MONAapHLE Te-
peceyeHH OoTpe3koB AA;, BB,, CC,.



§ 8. KacaTespHast K OKPYKHOCTH.
PelreHne 3aja4v 8 U3 JMAarHOCTHYECKOH paboThI

8. M3 Toukn M, nexaineit BHe OKpYHOCTH ¢ lleHTpoM O u paguycoM R,
npoBeZeHs! KacateabHble MA M1 MB (A u B— ToukM kacaHHA). [IpaMbie
OA n MB nepecekarorcs B Todke C. Hadizure OC, ecid U3BECTHO, YTO
0Tpe30K OM zexuTca OKPYKHOCTBIO IOIoJIaM.

Omegem: 2R.

PemeHue. [lyctb K —Touka nepeceyeHUss OKPY>KHOCTM C OTpe3-
koM OM. Torna OM =20K =2R.

B npsaMoyronbHOM TpeyroiabhHuKe OAM Kater OA BABOe MeHblle I'M-
noreHy3sl OM, sHauut, ZAMO = 30°, a Tak kaKk MO — 6uccekTpuca yr-
na AMC, to ZAMC = 60°. 13 npsaMoyronbHoro TpeyroibHHka MAC Haxo-
oM, yto ZACM = 30°, 3HaYUT, TpeyroabHUK MOC — paBHOGeApEHHBII.
CneaoBaTenbHo, OC=0M =2R. <«

* % %

B mkonbHBIX yde6HHMKaX BCTPEYarOTCA [iBa Pa3HBIX ONpeZAeseHHUs Ka-
caTebHOH K OKPYXHOCTH. [lepBoe: IpaMas Ha3bIBaeTCA KacaTeabHOMH

[

MHM M
L M,
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K OKDY)KHOCTH, €CJIU IpsIMas U OKPYKHOCTb UMEIOT eJHHCTBEHHYIO 06-
IyI0 TOYKY. BTopoe: mpsAMasn HasblBaeTCA KacaTeJbHOH K OKPY)KHOCTH,
€CJIM OHA IIPOXOAUT Yeped TOUKY, JIeXKAlYI0O Ha OKPY)XHOCTH, U NIeplIeHAU -
Ky/ApHa paJuycy, IPOBEAEHHOMY B 3TY TOYKY.

OTH onpeeNeHUs paBHOCWIBHBI, T. €. €CJIM HEKOTOpask IpAMas KacaeT-
Cl OKPY>XHOCTH I10 OAHOMY U3 3THX OIIpe/ieIeHHit, TO OHA KacaeTes OKPYX-
HOCTH Y 110 BropoMy. JOKa)keM 3To.

YrBepikaeHue. I[Iycmb npamas umeem ¢ OKPyWHOCMbIO eOUHCMBEH-
Hyw obwyo mouky. Toz0a npsamas nepneHOUKYNAPHA PAJUYCY OKDYHHO-
cmu, Npoee0éHHOMY 8 3MY TOUKY.

JokasaTenbcTBo. Ilycrs npaMas | UMeeT ¢ OKPYXHOCTBIO
eIUHCTBEHHYIO ofuyio Touky M. JlomycTuM, 4to paauyc OM OKpyX-
HOCTH, IPOBEAEHHBIH B 3Ty TOYKY, He NepleHAUKYIapeH npamoi . To-
ria OmycTUM MepneHAUKYnssp OH M3 LieHTpa OKPY)XHOCTH Ha IPAMYIO
| v Ha npogomxkeHnn orpeska MH 3a Touky H omioxuMm orpe3ok HM,,
paBubii MH. Tpeyronbhuk MOM; — paBHOGepeHHbIH, T.K. €ro BHI-
cota OH sapnseTca MexuaHo#. 3Hauut, OM, = OM, T.e. Touka M,, He
coBIIaZamolaA ¢ TOUKoM M, Taroke JIeXXUT U Ha OKPYXHOCTH, U Ha NpA-
MoI¥i [. A 3TO IPOTHBOPEYHUT TOMY, YTO M — eMHCTBeHHasa obuiasi Touka
npsMoii | u okpyxHocTH. CregoBatensho, OM 1 1. Yto u TpeboBayioch
JOKa3aTh. O

YrBepxxaeHue. [Iycmb menepwv npsamas npoxodum yepe3 mouxky M, ne-
HAULYI0 HA OKPYHCHOCTMU, U NepneHOUKYAapHa paduycy OM, npoaedénHomy
8 amy mouky. Toeda M — eduncmeeHHan obusas mouka npsmoti | u okpyxc-
Hocmu.

JokasaTtenbcTBso. [lpeallooxuM, 4TO 3TO He TaK, T.€. YTO
ecTs ewé XoTA 6B OfHA oTIMYHadA oT M obwasa Touka M, npsamoii [
U okpyxHocTH. Toraa OM,; = OM, T.e. TpeyronsHuk MOM,; — paBHOGea-
PEHHBIH, ITO HEBO3MOXKHO, NIOCKONBKY OMH U3 YTJIOB [IPU eI'0 OCHOBAaHUH
paBeH 90°. CrenoBaTtespHO, M — egMHCTBEHHaA obLias TOYKa NpaMoH [
H OKDPY>XHOCTH. YT0 1 TpeGoBa/IOCh JOKA3aTh. O

PaBHOCWIBHOCTB ONpeZe/ieHHH JoKa3aHa.

*x %k %

Ipu pemenuy 3a7ad4, CBA3AHHLIX € KacaTelbHOM, Yalle Bcero UCNONb-
3YI0TCA CIeYIOUINe NpocTeHilne CBOMCTBA KacaTelbHOM.

Ewmm u3 Touku M, He Jiexkallell Ha OKpY»KHOCTH ¢ IieHTpoM O, NpoBeje-
HHI K OKPY)KHOCTH /IBe KacaTteinbHble MA u MB (A U B — TOYKM KacaHus),
TO:

1) MA=MB;

2) MO — bGuccekrpuca yrna AMB;
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3) npamMasa MO nepneHAMKY/IAPHA OTPe3KY AB H J€JHT ero NomnoiaMm.

IMpumep 1. Yros npu BepumHe A TpeyroibHuka ABC paBeH 120°.
OKpYXHOCTb paauyca R xacaeTcd cTOpoHbl BC M NpPOAC/DKEHUH CTOPOH
AB u AC. Hailgure nepuMeTp TpeyroabHHKa ABC.

2RV3
3
Peme HH e. [lycT O — LIEHTp OKpPYXHOCTH, D, E 1 F — To4kH Kaca-
HMA ¢ IPAMBIMU AB, BC 11 AC COOTBETCTBEHHO, 2p — MEePHUMETP TPEYTOJIb-
HuKa ABC. Torana AD = AF, BE =BD u CE =CF. [loaToMy

Omeem:

2p = AB+BC+AC = AB+(BE+EC)+AC =
= (AB+ BE) + (EC + AC) = (AB+BD) + (CF + AC) = AD + AF = 2AD.
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TMockonbKy 1y4 AQ — 6uccektpuca yria DAC, To ZDAO =60°. V13 nips-

MOYTO/ILHOTO TpeyronbHuKa ADO Haxoaum, uto AD =OD ctg60° = RT‘@.
CnepoBaTenbHo, 2p = 2AD = %. <

IIpnMep 2. /JlaHbl OKPYXKHOCTH paauycoB r U R (R >r). Paccrosanue
MEXJIY HX LleHTpaMH paBHoO a (a > R+r). HaiiauTe oTpe3ky o61IMx Kaca-
TeJbHKIX, 3aKTIOYEHHEIE MEXKY TOYKAMHU KacaHUs.

Omeem: y/a® — (R+1)?, /a2 — (R—r)2

Pem e H u e. Ilycte O; u O, — LIeHTPBI OKPYKHOCTeH pajuycoBr U R,
A 1 B— COOTBETCTBEHHEIE TOUKH KacaHWA OKPY)KHOCTel ¢ o6imeit BHeI-
Heii KacaTelbHOH, C U D — ¢ o61ieit BHyTpeHHel.

Ilycte P — OcHOBaHMe IleplieHAMKY/IApa, omnylleHHoro u3 O; Ha O,B.
U3 npamMoyronsHoro tpeyroiapHuka O, PO, HaxoAauM, 4TO

0,P = /0,02 -0,P? = Va?~ (R-1)2

IlycTh Q — OCHOBaHMeE IIepIEeHAMKY/Apa, onylleHHoro u3 O, Ha Ipo-
AopkeHre O,D. U3 npaMoyroibHOro TpeyroibHuKa O, Q0, HaxoIuM, 4TO

0,Q = /0,03 - 0,Q* = Va2 - R+

CegoBaTenLHO,

AB=0,P=+va?-(R-r)? CD=0,Q=va?—(R+1r)2 <



IToaroToBUTE/IbHBIE 3a/]a4YH

8.1. B okpyxHOCTH npoBefiéH fjuameTp AB. [Ipaman, npoxogsamas de-
pe3 Todky A, HepecekaeT B Todke C KacaTeJIbHYIO K OKPY)XHOCTH, IIpoO-
BeJEHHY10 Yepe3 TouKy B. OTpesok AC AeIMTCA OKPY»KHOCTBIO TIOIIOJIAM.
Ha#iaure yroa BAC.

8.2. /IBe npsiMele KacalwTCsA OKPYXHOCTH ¢ BieHTpoM O B Toukax A u B
M nepecexaroTcd B Touke C. HaligrTe yron Mexay 3TUMU NIPAMBIMH, eClTH
£LABO =40°.

8.3. B Gosnpuuei U3 ABYX KOHIEHTPUYECKUX OKPYKHOCTeH (MMEIoIuX
o0uHii LIeHTp) IpoBeJeHa XOp/ia, paBHasA 32 M Kacawuasacs MeHblIel
okpyxHocTH. Haiaure pasnyc KaXZol M3 OKPY)XHOCTeH, ecyid IIUpHHA
obpasoBasuerocs Koiblia paBHa 8.

8.4. [ize npsaMble, IpoOXoAsIIHe Yepe3 TOYKY M, JieXKanyro BHE OKPYyX-
HOCTH C 1[eHTpoM O, KacaloTcs OKPYXXHOCTH B Todkax A ¥ B. Otpesok OM
JeTHTCA OKPY;KHOCTBIO NonosiaM. B xakoM oTHollleHUH oTpe3ok OM je-
JIATCA NpAMoi AB?

8.5. M3 opHoi1 TOYKM nNpoBefeHBI K OKPYXXHOCTH [Be KacarejbHBIE.
JMHa KaxoM KacaTelbHOM paBHa 12, a pacCcTosHUE MEXIY TOYKaMM
KacaHHs paBHO 14,4. HaliauTe paguyc OKPY>XHOCTH.

8.6. Ilpamas, npoxogsuwas yepe3 TOYKy M, yaan€éHHyIO OT LieHTpa
OKPY>XHOCTH pafuyca 10 Ha paccTosiHMe, paBHOe 26, KacaeTcA OKPYXHO-
cTH B Toyke A. Haliaute AM.

8.7. OxpyxHocTH pazuycoB R u r (R > r) xacaiTcs HEKOTOpOH Ips-
MO#. JIUHUS LeHTPOB IlepeceKaeT 3Ty Npamyio noz yriaoMm 30°. Haiigure
PaccTOsTHHE MeX/Y LIEeHTPAaMM OKPYXXHOCTeH.

8.8. M3 Touku M npoBeeHbI KacaTelbHble MA U MB K OKPY:KHOCTH
¢ uenrpoMm O (A u B —Touky KacaHus). Haiiiure paguyc OKpy:XHOCTH,
ecm ZAMB=a u AB=a.

8.9. OKpyXHOCTS ¢ IleHTpoM O KacaeTcs BYX ITapaie/IbHEIX IPSAMBIX.
[IpoBejeHa KacaTeJbHAsA K OKDPYXXHOCTH, [epeceKalolias 3TH IpAMbIe
B Toukax A u B. Halizure yron AOB.

8.10. Ha okpyxHOCTH paguyca r BBIOpaHbI TPU TOYKM TaKUM 06pa3oM,
YTO OKPY>KHOCTb OKa3aJacbh Pa3feIEHHOM Ha TPH AYTH, I'PaJyCHEIE Mephl
KOTOPBIX OTHOCATCA KakK 3:4:5. B ToUkax AejeHuA K OKPY)KHOCTH IIpo-
BeZleHBI KacaTesbHble. HaliiuTe Iuiowmazapb TpeyroibHUKA, 06pazoBaHHOIO
3TUMMU KacaTeJlbHBIMHU.

8.11. PaccTOAHNA OT KOHIOB AUaMeTpa OKPY:KHOCTH 0 HEKOTOPOH Ka-
caTesJbHOH paBHEI @ ¥ b. HalanuTe paguyc OKpY>KHOCTH.
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8.12. B npAMOYroJbHOM TpeyrOAbHUKE TOYKA KAacaHHUA BIIMCAHHOM
OKDYKHOCTH JIeJIUT TMIIOTeHY3y Ha OTpe3kd, paBHblie 5 u 12. Hakgure
KaTeTsl TPEYTOJIbHUKA.

TpeHHpPOBOYHBIE 3a/Ja4YH

8.13. V3 Touku M, nexauiell BHe OKPY>XHOCTH paZilyca 1, npoBeAeHE
K OKPY>KHOCTH AiB€ B3aMMHO IepleHAUKYy/IApHble KacaTeabHble MA 1 MB.
Mexay TOUKaMU KacaHusi A ¥ B Ha MeHbllle# Ayre AB B3fiTa IPOU3BOJIb-
Has Touka C ¥ 4yepe3 Heé NIpOBe/ieHa TpeThbA KacarenbHad KL, o6pasyoman
¢ KacatenbHBIMU MA 1 MB TpeyroabHUAK KLM. HalauTe nnepumeTp aTOro
TpeyroJbHUKa.

8.14. Ha ocHoBaHMM paBHOOEAPEHHOTO TPEYTOJbHUKA, PaBHOM 8,
KaKk Ha XopZe NOCTPOeHa OKPY)XHOCTb, Kacawuiasacad GOKOBBIX CTOPOH
TpeyrosbHUKa. Halijure pasuyc OKpy>XHOCTH, eCJIM BbICOTA, ONyIIeHHasA
Ha OCHOBaHHWe TPeYrojlbHUKA, paBHa 3.

8.15. Pagrychl ABYX OKpPYXXHOCTe# paBHBI 27 U 13, a paccTosiHHe MEeXIY
uenTpamu paBHo 50. Haiigure miuHEI obIUX KacaTeJIbHBIX K 3TUM OKpYX-
HOCTAM.

8.16. /Ipe OKPYKHOCTH paZnycoB 4 U 3 ¢ LleHTpaMH B To4kax O, u O,
KacaloTCs HEKOTOpOH IIPAMOIl B Toukax M; U M, COOTBETCTBEHHO U JIeXKaT
TI0 pa3Hble CTOPOHBI OT 3TOH NpsAMoiil. OTHoleHHe oTpe3koB 0,0, u MM,

2 "
paBHO 7 Haupure 0,0,.

/3
8.17. /Be oxpyKHOCTH pazuycoB 12 U 7 ¢ LleHTpaMu B Toukax O, u O,

KacaloTcsl HeKOTOPOH NpAMOM B Toukax M; ¥ M, COOTBETCTBEHHO U JieXaT
10 OZHY CTOPOHY OT 3TOH npsAMoil. OTHomenue orpe3koB MM, u 0,0,

paBHO 2——‘5/3 Haiigute M{M,.

8.18. B npsmMoyronbHoM TpeyroipHuke ABC karer AC paseH 16 1 ka-
ter BC paBeH 12. VI3 nenrpa B paguycom BC onncaHa OKpy»KHOCTB U K Heil
NpoBe/ileHa KacaTe/lbHasA, Napa/uiefibHas rurnoteHy3e. Karer BC npoao:n-

KEH A0 nepeceyeHus ¢ HpOBElIéHHOﬁ KacaTeiabHOH. OHPEAEJIPITE, Ha Kakoe
pacCcToAaHHUe IPOAO0/DKEH KaTeT.

8.19. B npAMoyrolbHO#M Tpanenuy MeHblilee OCHOBAHUE PaBHO BEHICO-
Te, a Gosblilee OCHOBaHWE paBHO da. HaWaurte GOKOBBIE CTOPOHBI Tparie-
LIMH, €CJIA U3BECTHO, YTO OZHA U3 HHUX KAacaeTCA OKPY)KHOCTH, IIPOXOAsALIEH
yepe3 KOHLbI MEHBIIEr0 OCHOBAHUA U Kacaoueiics 601b11ero oCHOBaHHA.

8.20. B TpeyronbHuke ABC u3BecTHo, uTo BC =a, ZA=a, /B=§.
Hadiaure paguyc oKpy»XHOCTH, Kacawooleiicsa cTOpoHbl AC B TOUKe A U Ka-
caroueica cropousl BC.
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8.21. /laH TpeyronbHHUK €O CTopoHaMH 10, 24 u 26. /IBe MeHbIIHE CTO-
POHBI ABJIAIOTCA KacaTeJbHBIMHM K OKPYKHOCTH, eHTP KOTOPOM JIeXXHT Ha
6onblredt ctopoHe. HailiiuTe paguyc oKpy>XHOCTH.

8.22. Haligute JAUHY XOpABI, €CIU JaH paAuyC r OKPYKHOCTH M pac-
CTOSIHHE d OT OAHOT'O KOHIIA XOPABL A0 KacaTeJbHOH, IpoBelEéHHON Yepe3
IPYTOH eé KOHerl,.

8.23. OauH U3 CMEXHBIX YIJIOB C BepIIHHOW A BaBoe 6osnbliie Apyro-
ro. B aTH yTuIbl BIIMCAHB OKPYXHOCTH € LieHTpamMu O, u O,. Haiaure yr-
JBl TpeyronbHuKa O, AQ,, eciiM OTHOIUEHHE PaJUyCOB OKPYXHOCTeH paB-

HO \/§

8.24. B paBHOGeXpEHHOM TpaNelUH ¢ OCTPHIM YIVIOM & IIPY OCHOBaHUH
OKPYXKHOCTD, [IOCTPOEeHHas Ha GOKOBO CTOPOHE Kak Ha AWaMeTpe, Kaca-
eTcA Apyroit 60KOBOM CTOPOHEL. B KaKOM OTHOLIEHUY OHA AeNHT Gonbliee
OCHOBaHMe Tpanenun?

8.25. B oxpyxHOCTH paauyca R =4 npoBeJeHH Xopaa AB u anameTp
AK, obpa3syromui ¢ xopao# yroa % B Touke B npoBejeHa KacaTelbHast
K OKPY)KHOCTH, NepeceKkaromas MpoAo/bKkeHHe auaMeTrpa AK B Touke C.
Haiaure Meanany AM tpeyroiasiuka ABC.

YxaszaHnue. Eutn O —LEeHTP OKPYXHOCTH, TO IPSIMOYTOJbHBIN
TpeyronbHUK OBC — paBHOGepeHHBIH.

8.26. Ha npamoii, npoxoadamei depes 1eHTp O OKPYXHOCTH pajuy-
ca 12, B3ATeEI TOYKU A U B, npuyém OA =15, AB=05 u TOYKa A JIeXKHUT
Mexay O u B, M3 Touex A ¥ B npoBeJeHbl KacaTeJlbHbl€ K OKPY>XHOCTH,
TOUKM KaCaHHs KOTOPBIX JIeXaT 10 OZHY CTOPOHY OT npsimoil OB. Haiau-
Te Iowazb TpeyroibHuka ABC, rae C — Toyka nepecedeHHs 3THX Kaca-
TeIbHBIX.

8.27. B yrox ¢ BepuiMHOM A, paBHbIN 60°, BIHCaHA OKPYXHOCTD C LieH-
tpoM O. K 3TOil OKpy)XHOCTH IIpOBeJeHa KacarTejbHas, lepeceKaronas
CTOpPOHH yriia B Toykax B u C. Otpe3ok BC nepecekaercs ¢ OTpe3-
koM AO B Touke M. HaiiquTe paguyc OKPYXHOCTH, BIIHCAHHOH B Tpe-
yroasHUK ABC, ecti AM:MO=2:3uBC=7.

Yk a3 aHUe. ECM gaHHasa OKPY>XHOCTb KacaeTcd npaAMbIx BC u AB

B Toukax P u Q cooTBeTcTBeHHO, a AH — BbIcOTa TpeyroiabHuKa ABC, TO

AH AM 2

0P — OM — 3» @ IOVIyIepUMETP TPEYTONbHHUKA ABC paseHn oTpe3Ky AQ.
8.28. Yepes TOUKY A OKPYKHOCTH pajryca 10 npoBeJeHEl ABe B3aUMHO

neprneHAUKy/AApHele xopabl AB n AC. BEMHCIMTE pajiuyC OKPYXHOCTH,

KacaroUlecsa JaHHOH OKPYXHOCTH W TIOCTPOEHHBIX XopJ, ecit AB =16.
YxaszaHue. OnycTuTe NepHeHAUKYAAPH U3 LEHTPOB OKPYXXHO-

creil Ha xopzny AB.



§ 9. Kacaromuecsa OKpy:KHOCTH.
PeliteHue 3a31a4 9 M3 ANATHOCTUYECKOH paboOTHI

9. OKpyXHOCTH ¢ ueHTpamu O; U O, KacawTcid BHEIHUM oOpa3om
B Toyke C. IIpAMad KacaeTcsl 3TUX OKPYXXHOCTeH B pPas/iMyHbIX TOY-
kax A ¥ B coortBeTcTBeHHO. Haiigure yron AO,B, eciu M3BecTHO, 4YTO

tg LABC=3.
Omeem: 45°.
PemeHnue. Ilyctb M —Touka nepecedeHHa oTpe3ka AB ¢ obweit

KacaTe/IbHOH K JaHHEIM OKPY)KHOCTAM, IPOBEAEHHOMH Yepe3 X TOYKY Ka-
canua C. Torma MA=MC =MB, ssaunt, ZACB=90°.

OmyctuM nepnenankynap O,H 13 nenrpa O, BTOpON OKPY>XHOCTH Ha
eé xopay BC. Toraa H — cepeayHa BC. VI3 ycioBUA 3aa4yM CAEAYeT, YTO

AC=1BC=BH, a1.x. ZBO,H =90° — Z0,BH = ZABC, To npaMoyros-
Hble TpeyrobHUKM BO,H U ABC paBHEI IO KaTeTy U IIpOTHBOJEXKAllle-
My ocTpoMy yriay. 3HauuT, O, B = AB. CnezoBarteibHO, ZAO,B = ZBAO, =
=45°. <

* kK

B pa3ubiX yyeGHUKax IPUBOAATCA pa3Hble OPMYIHUPOBKH Olipezesie-
HHUA KacalolUXCA OKPYXHOCTEN:

1) roBOpAT, YTO ABE OKPYXKHOCTH KACaIOTCA, €CJI OHU MUMEIOT eUH-
CTBEHHYIO OBILYIO TOUKY;

2) rOBOPSAT, YTO /1B€ Pa3/TMYHBIE OKPYXXHOCTH KacaloTcs, ec/Ii OHH HMe-
0T 00110 TOYKY U 0OIIIyio KacaTe/lbHyl0, IPOBEJEHHYIO B 3TOH TOUKe.
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otHu OonpeAcIEHAA PAaBHOCIWIBHHL: €CJIM OKPY>KHOCTH KaCaroTCA IO 1ep-
BOMY OIIpEACJICHHIO, TO OHH KacaloTcA M 110 BTOPOMY, H H3060p0T.

T'oBOpAT, 9YTO OKPYXHOCTHU KacaloTcs BHEIIHHM obpa3oM (kacarooTcs
M3BHE), €UIM MX LEHTPHI JieXKaT 0 pa3Hbie CTOPOHEI OT obued Kaca-
TeTbHOH. ECJIM 2Ke LIeHTPHl KacalollMXCA OKPY)XHOCTEH JieaT 1o OAHY
CTOPOHY OT O61LEe# KacaTelbHOH, TO TOBOPAT, YTO OKPYXKHOCTH KacaroTcs
BHYTPEHHHM 06pa3oM (xacaroTcs U3HYTPH).

CaMoe BayKHOe CBOMCTBO KaCaloIMXCcA OKPYXHOCTe — JIMHUA UX LeH-
TpoB (T. e. IpAMas, IPOBeIEHHAA Yepe3 IIEHTPH OKPYXHOCTeH) NPOXOANT
yepe3 TOYKY KacaHus. JTOT ¢akT IpH pellleHHH 3aay Ha Kacalwolluecs
OKPY>XKHOCTH, KaK NpaBWIO, UCIIOIbL3YETCH B NIEPBYIO OYEpesb.

Ecin B yoioBUH 33/1aui He yKa3aHO, KAKUM 06pa30M KacaroTCsa OKPYX-
HOCTH, TO HeobXoAHMO paccMarpHBarh M CTy4ail BHENIHEro, M ciydai
BHYTpeHHero KacaHHA.

IIpumep 1. /IBe OKPY)KHOCTH pajuyca r KacaroTcs Oosblel OKpy»KHO-
CTH paguyca R — ofiHa M3HYTPH, ApyTras U3BHe, IpU4YEM rpajycHas Mepa
AYTH MexAy ToYKaMM KacaHuA paHa 60°. Haitaure paccrosiHue Mexzy
LIEHTPaMHU MEHBUINX OKPYXHOCTel.

Omeem: v R% +3r2.
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P e w1 e H # e. [IycTb OKpY:KHOCTH paziMyca r ¢ eHTpamu O, u O, Kaca-
IOTCA OKPY»KHOCTH pajuyca R ¢ uieHTpoM O COOTBETCTBEHHO BHYTPEHHHM
U BHEIIHUM 00pa3oMm, npu4ém r < R. [T0CKONBKY JIMHUSA LIEHTPOB ABYX Ka-
CalOIIMXCH OKPYXHOCTEH IPOXOJUT Yepe3 TOUKy X Kacanua, OO =R —r
u 00, =R +r. Kpome roro, 20,00, = 60°. [lo TeopeMe KOCHHYCOB U3
TpeyrosbHuka 0,00, HaXOAUM, YTO

0,07 = (R+1r)*+ (R—r)*—2(R+r)(R—r) cos60° =
=(R+r)?+R-r)*—(R*—r’) =R*+3r%

CnegosarensHo, 0,0, = v/ R? +3r2. <

ITpumep 2. OKPYKHOCTHU Pa3xUYHBIX pPagHuycoB r U R ¢ neHTpamMu O,
¥ O, COOTBETCTBEHHO KacaloTcs BHeIHHUM obpasoM B Touke K. IlpamMasn
KacaeTcd 3TUX OKPYKHOCTEHN B Pa3/IMYHEIX TOYKax A U B, a BTopas nps-
Masd — B TouKax D ¥ C cOOTBETCTBEHHO.

1) Haiiaute AB u orpe3ok MN ofuieil xacaTeJbHOM OKPY)KHOCTEMH,
MIPOXOAALIEN 4Yepe3 TOYKY MX KacaHUA, 3aKTIOMEHHEBIH MeXAy oblymu
BHEUIHHMMH KacaTeJbHBIMUA AB U CD.

2) Jloxaxure, yto ZAKB = Z0,M0O,=90°.

3) Jokaxwure, yTo ABCD — onncanHad Tpaneuus, U HaiiauTe e€ BHI-
COTY.

4rR
Omsem: 1) Zﬁ; 3) IR

PeueH ue. Jua onpefe€ HHOCTH IIPEAIIONIOKMM, 4TO I <R,

1) Touxa K nexarr Ha orpeske O;0,, IOCKOIBKY OKPYXHOCTHU KacaroT-
ca BHemHUM obpasom. Iloatomy 0,0, = O;K + KO, =r + R. I3 Touku
O, omycTuM nepnenavkynap O.F Ha paauyc O,B BTOpPOH OKpPY»XHOCTH.
Toraa, Tak xak OB 1 AB (kak paZnyc, IPOBEAEHHBIA B TOYKY KacaHUs
c npamoit AB), O, F || AB. Kpome Toro, npamsie O;A 1 O,B napajuie/bHi,
Tak Kak obe OHM NepIeHAUKY/ISAPHB KacaTeJbHOM AB. (JieOBaTeNbHO,
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YeTHPEXYTONbHUK () ABF — nipaMoyronbHuK. Touka F JIexHT Ha OTpeske
O,B, nosroMy

OzF:OZB_BF202B_O]A :R_r.

ITo Teopeme ITndaropa us npsaMoyroiasHoro Tpeyronsuuka O, FO, Ha-
XOZHUM, 9TO

0,F = 4/0,0% - 0,F? = /(r+R)*— (R—1)? = 2V7R.

CnepoBatensHo, AB=0F = 2vTrR.

OTpesky KacaTeJbHBIX, TPOBEAEHHDIX K OKPY>KHOCTH U3 OAHOM TOYKH,

paBHH, nosatomy MK = MB u MK = MA. 3Ha4HT,
NM = 2MK = AB = 2V'rR.

2) Tockonbky MO; n MO, — 6UCCeKTPUCH CMeXHHIX YIJIOB AMK
U BMK, yron O, MO, npssMO#.

INMockonbky MA = MK = MB, megnaHa KM tpeyronbauka AKB paBHa
NOMOBUHE cTOpOHbI AB. CefoBarenbHo, ZAKB =90°.

3) Mycts npsMbie AB 1 CD nepecekaroTes B Touke O. Torna OA=0D,
OB=0C, noatomy CD =AB= 2VTR.

Touku O; n O, nexar Ha Ouccexrpuce yrma AOD. Buccekrpuca
paBHOGeapeHHOro TpeyrolbHUKa AOD sIBAseTCA ero BhiCOTOHM, MO3TOMY
AD 1 0,0, u BC 1 0,0,, 3Hauut, AD || BC u ABCD — paBHoGeapeHHasA
Tpaneuuda. OTpe3ok MN — eé cpeiHAA TMHHS, IO3TOMY

AD + BC = 2MN = 2AB = AB+CD.
CnenoBaTesibHO, B Tpaneljio ABCD MOXXHO BIIMCATh OKPYHHOCTD.

[Tycts AP — BricOTa 3TO# Tpanenuu. IIpsMoyroibHBle TPEYTOIBHUKU

APB u 0, FO, nofoGHBbI, 1O3TOMY (,)q_}; = %, OTKy/la HaXOAUM, 4YTO
1 1Y2

p— O,F-AB  24rR-2J/rR _ 4R q
- 0,0, r+R T r+R°
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9.1. Tpu paBHBIX OKPYXKHOCTHU pajuyca R KacaloTcs Apyr Apyra BHell-
HUM o6pa3oM. Haifgure CTOPOHBI M YIVIBI TPEYTOAbHUKA, BEpIIMHAMM KO-
TOPOTO CJIYXKaT TOYKHM KacaHHs.

9.2. /|Be paBHBIX OKPY>XHOCTH KacaloTCs U3HYTPH TpeTheil U KacalTcA
Mexzy coboit. CoeAUHUB TPU LIEHTPa, NIOTYyYUM TPEYTONbHUK C IIepUMeT-
pom, paBHBIM 18. Hatigute paguyc 6osblieil OKpy>XKHOCTH.

9.3. Tpu OKpPYKHOCTH paguycoB 6, 7 ¥ 8 nonapHo KacawTed ApYyT ApY-
ra BHeIIHUM ofpasom. HalanuTe miouaZb TPeyroibHUKA ¢ BEPIUIMHAMH
B LIEHTPAX 3TUX OKPY>XHOCTEMN.

9.4. OKpy>KHOCTH paAdycoB 8 U 3 KacaloTCH BHYTPEHHUM 06pa3oM.
M3 neHTpa Gonpluell OKPY)XXHOCTH TIpOBeZleHa KacaTelbHasg K MeHblIei
OKpyxHOCTH. HailauTe paccTosiHHe OT TOYKY KacaHHA [0 LieHTpa Oonbliei
OKpPY»KHOCTH.

9.5. /IBe OKPYXHOCTH pajdyca r KacarwTca Apyr apyra. Kpome Toro,

KaKAad U3 HUX KacaeTcA U3BHe TpeThbel OKPYXXHOCTH paZuyca R B TOYKax
A u B coorBeTcTBeHHO. Hatlizure paguyc r, eciu AB=12, R=8.

9.6. /IBe OKPYXHOCTM pajWyca r KacawTcsa Apyr Apyra. Kpome Toro,
KaXkAasa U3 HUX KacaeTcsa U3HYTPHU TPeThbel OKPYKHOCTH pazuyca R B Tou-
Kax A 1 B cooTBeTcTBeHHO. Hatiaure pagauyc R, ecomm AB=11, r=>5.

9.7. [lana oxpy>xHOCTk pazuyca R. YeThipe OKPYXHOCTH paBHBHIX pa-
JAUYCOB KacalOTCA JAHHOW BHEUIHUM 00pa3oM, M KaXJAas U3 3TUX YeThl-
PEX OKpYXHOCTeH KacaeTcs ABYX Apyrux. HalauTe pagnycel 3STUX YeTHIPEX
OKPY>KHOCTEH.

9.8. Tpu OKPY)XHOCTH pa3HEIX paJUyCOB [TOIIAPHO KacaloTCA APYT ApyTa
BHEIIHUM 06pa3oM. OTpe3KH, COeUHSAIOIINE UX [IEeHTPHI, 06pa3ytoT nps-
MOYTOJBHEIN TpeyronbHUK. HallznuTe paauyc MeHblIeH OKPYKHOCTH, €C/IH
pazuycsl Gobluei U cpejHel paBHH 6 U 4.

9.9. Ha npamoii, npoxofdueit yepes HeHTp O OKPyKHOCTH pazuyca R,
B3fiTa TOYKa A Ha paccTOAHUM a OT UeHTpa. Haiiaure paauyc BTOpoH
OKPY>KHOCTH, KOTOpas KacaeTcs NpAMod OA B Touke A, a TakKe KacaeTcs
JAHHOH OKPY)XHOCTH.

9.10. JlaHb! OKPYXHOCTH paauycoB 1 u 3 ¢ obmuM nentpoM O. Tpe-
ThA OKPYXHOCTb KacaeTcs Hx obeux. HalzuTe yron Mexxay KacaTeJbHbIMU
K TpeTheH OKPYKHOCTH, IIPOBEJEHHBIMHA U3 TOYKH O.

9.11. B yron, paBHbiii 60°, BIMCAHBI ABEe OKPYXXHOCTH, KacaloLIAecHd

APYT Apyra BHEIIHMM 06pa3oM. Paguyc MeHblell OKPYKHOCTH paBeH r.
Hatigure paguyc Gonplielt OKpY>KHOCTH.
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9.12. /IBe OKPYXXHOCTH KacalOTCA ApYT Apyra BHYTPeHHHUM o6pa3zoMm.
HM3BecTHo, 4TO ABa pajuyca Goblieil OKPYKHOCTH, YTOJI MEXIY KOTODHI-
MU paBeH 60°, kacaloTca MeHblIeH oKkpyHOoCTH. HaliiuTe oTHOEHHE pa-
JHUYCOB OKPYKHOCTEH.

9.13. B paBHOCTOPOHHHH TPEYroJbHHK BIIHCAHA OKPYKHOCTb. JTOH
OKDY>XHOCTH M /JBYX CTOPOH TPEYroJbHMKA KacaeTCi MeEHblad OKpPYX-
HocTb. HallguTe CTOPOHY TPeyrolbHUKA, eC/IM paJuyc MaJoi OKPY>XHOCTH
paBeH T.

9.14. B xpyroBoi ceKTOp € IIeHTPaJIbHbIM yT/IoM 120° BnucaHa OKpyx-
HocTh. HaliauTe eé paguyc, ecyin paguyc AaHHOM OKPYKHOCTH paBeH R.

9.15. /e OKPY>XKHOCTH KacarTcs BHellHUM o6pa3om B Touke K. Oana
IIpAMas KacaeTcA 3THX OKPYKHOCTEH B pa3IW4HBbIX To4kax A u B, a BTO-
pas — COOTBETCTBEHHO B Pa3MNyHbIX TOukax C U D. O6uaa xacareabHas
K OKPY>XHOCTSM, [IPOX0OAALIAasA yepes TOYKY K, IlepeceKaeTcsa ¢ STHMH IIpd-
MHBIMHU B Toykax M u N. Hatizure MN, ectn AC=a, BD =b.

TpenupoBOYHbBIE 3a/j1a4n

9.16. OxpyxHOCTBP pajuyca 2 KacaeTcsi BHEIIHUM obpa3om apyroi
OKPYXXHOCTH B Touke A. Obiias kacaTenbHas K 00€UM OKPYXHOCTAM, 1po-
BeJ&HHaA Yepe3 TOUKY A, NlepeceKaeTcs ¢ Apyro# ux obuieil kacaTenbHOM
B Touke B. Haiisure pasnyc BTOpO#H OKPY)XHOCTH, eciu AB =4.

9.17. /IBe OKpPY>KHOCTH KaCaIOTCA APYT Apyra BHEIIKKUM 0Opa3oM B TOY-
ke C. Paguychl okpyxHocTe# paBHBI 2 M 7. Obujas kacarenbHas K obenm
OKDYXHOCTAM, NpoBeZiéRHasA depe3 To4yKy C, nepecekaeTcs ¢ Apyroil ux
ob1e# kacaTesbHOM B Touke D. HaliziuTe paccTOAHME OT [EHTpa MEHbIIEH
OKPY?KHOCTH 40 TOUKu D,

9.18. OKpyXHOCTb paZuyca r KacaeTcs HEKOTOPOH IIpAMOH B Touke M.
Ha aTo#t npsaMoi Mo pasHele CTOpPOHHI 0T M B3AITH TOYKM A U B, NpuyéMm
MA =MB =a. HaliauTe pauyc OKpy>KHOCTH, IIpOXo/Allell yepe3 TOUKH A
U B u Kacaroueica JaHHOH OKPY>KHOCTH.

9.19. OgHa OKpPY>XHOCTb OIIMCAaHA OKOJIO PABHOCTOPOHHETO TPEYTO/b-
HHMKa ABC, a BTOpas BNUCAHAa B Yrojl A M Kacaercs IepBOH OKPYXHOCTH.
Haiiaure oTHOLIeHUE PaJuyCOB OKPY>KHOCTEH.

9.20. B OKpY»HOCTb BIMCAH paBHOOEAPEHHLI TPEYTOJBHHUK C OCHO-
BaHMEM d Y YIVIOM IIpU OCHOBaHUM <. Kpome Toro, nmocrpoeHa BTopas
OKpPY)KHOCTb, KacaloIlascs [ePBO OKPYXXHOCTH U OCHOBAHHUA TPEyTOJb-
HUKa, IPUYEM TOYKA KacaHMA ABJAETCA cepeauHON ocHoBaHuA. HailauTe
PajiAyc BTOPOH OKPY>KHOCTH.
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9.21. /lBe OKpY>XHOCTH ¢ LleHTpamu O,, O, U paauycaMu 32, liepecexa-
Ch, AeAT 0Tpe3oK 0,0, Ha TpHU paBHbIe YacTU. HallauTe paguyc oKpyx-
HOCTH, KOTOpas KacaeTcs U3HYyTPU 00erx OKPYIKHOCTeMH U KacaeTcs OTpes-
ka 0,0,.

9.22. /Ipe OKPYKHOCTH PaANYCOB R M I KacaroTcA CTOPOH AaHHOIO yIvia
U ApyT apyra. Halaure paauyc tpeTbeil OKpPYyXKHOCTH, Kacalouelca CcTo-
POH TOTO e yI/Ia, HEHTP KOTOPOH HaXOAWUTCA B TOYKE KACAHUA OKPYIKHO-
cTeii Mexay coboii.

9.23. B tpeyrosbHuke ABC cTopoHa BC paBHa a, pagdyc BIIHCAHHO
OKPY>KHOCTH paBeH r. Haliziure pazuychl ABYX paBHBIX OKPYXHOCTell, Ka-
carolnxcs ApYT Apyra, ecyii ofHa U3 HUX KacaeTcs ctopoH BC u BA, a apy-
rasg — ctopoH BC u CA.

9.24. /IBe OKPY>KHOCTH PaJHycOB 5 K 3 KacawTcsad BHYTPEHHUM obpa-
3oM. Xopaa 6onbliueil OKpY)KHOCTH KacaeTCs MeHbLIEH OKPYXHOCTH U Jie-
JIATCA TOYKOHM KacaHud B oTHouleHud 3 : 1. Hailaute JTHHY 5TOH XODAEL

9.25. /IBe OKPY>HOCTH, PaAHyChl KOTOPHIX OTHOCATCH KaK 9 —4+/3 k 1,
KacaloTcs ApYT Apyra BHyTpeHHUM 06pa3oM. B 6onbieii OKpy»XHOCTH Mpo-
BeJleHHl IBe paBHBIE XOPARL, Kacalouuecs MeHbllei okpyxHocTH. OnHa U3
3THX XOpA NepIesAUKYIAPHA OTPe3KY, COeUHAIOLIEMY EHTPB OKPY>KHO-
cTel, a gpyras HeT. HailauTe yron Mexay 3THMH XOpJaMH.

9.26. /IBe OKPY>KHOCTH KacaloTcA BHYTpeHHUM o6pasom. [Ipsamas, npo-
XoAALIaA yepe3 1eHTp 6osbplieil OKPY)KHOCTH, IlepeceKaeT e€ B TOUKax A
U D, a MeHbUIYIO OKPYXKHOCTh — B TO4Kax B u C. HailauTe oTHOLIEHHe
paauycoB oKpyxHocTeil, ecnu AB: BC:CD=3:7:2.

9.27. /IBe OKPY>XHOCTM KacaloTCA BHYTpPeHHUM oOpasom. [IpsaMmasd,
NPOXOAALIAA Yepe3 LIeHTP MeHbIIeH OKPYXXHOCTH, IlepecekaeT OOMbIIYIo
OKPY>XHOCTBb B ToukaxXx A U D, a MeHburyi0 — B Toukax B u C, Haiigure
OTHOLIIEHHe PaZUyCoOB OKpyXHOCTel, ecyii AB:BC:CD=2:4:3.

9.28. /IBe OKpYXHOCTH paauycoB R u r (R > r) KacaioTcs BHENIHE B TOY-
ke C. K HUM npoBeseHa o6uan BHELIHsAA KacarenbHasa AB, rie Au B —
TOYKM KacaHus. Haliaure cTopoHbl TpeyronbHHKa ABC.

9.29. /Ipe OKpYXHOCTH paZuycoB R 1 r (R > r) xacaloTcs BHEIIHUM 00-
pasoM. [IpsaMas KacaeTcs 3TUX OKPYXXHOCTeHl B pasjIM4HEIX TOYKax A u B.
HaiiznTre paguyc OKpy>XHOCTH, Kacaollercs o6enx JaHHBIX OKPY)XKHOCTel
U IIpAMOi AB.

9.30. /lBe OKpYXHOCTH KacalOTci BHeIIHUM o00pas3oMm B Touke C.
Ob1uas BHeNIHAA KacaTelbHasA KacaeTcs IepBOil OKPY>KHOCTH B Touke A,
a BTOoposl —B Toyke B. [IpaMas AC nepecekaeT BTOPYIO OKPYKHOCTBb
B Touke D, oTinuHoH ot C. Halaute BC, eciiu AC=9, CD =4.
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9.31. /IBe OKPY>XKHOCTH KacaloTcs APYT APYyra BHEITHUM 006pa3oM B TOY-
Ke A. Hallaure paauycel OKpy)XKHOCTeH, eCIH XOPAbl, COeAMHAIOIINAE TOY-
Ky A C TOYKaMH KacaHHA ¢ OJHOM U3 OOLIMX BHEIIHUX KacaTeJbHbIX, PaB-
HBbI 6 1 8.

9.32. Tpr OKpPY»KHOCTH paauycoB 1, 2 U 3 xacaioTca Apyr Apyra BHell-
HUM obpasoM. Hailgure paguyc OKpY>KHOCTH, [IPOXOZAALIEH Yepe3 TOYKH
KacaHHsA 3TUX OKPYXHOCTeHN.

9.33. /IBe OKPY>KHOCTH PaZIMyCcoB 5 U 4 KacaloTcA BHEIIHUM o0pa3oM.
[lpamas, kacarowasacA MeHbLIEH OKPYXKHOCTH B TOYKe A, nepecekaeT
6onpuryio B Toukax B u C, npuuém AB = BC. Haltante AC.

9.34. Touka B — cepeanHa orpe3ka AC, npuuém AC = 6. [IpoBeeHb!
TPH OKPYXXHOCTH pazuyca 1 ¢ nieHTpaMu A, B u C. Haliaure paamnyc 4yer-
BEPTOH OKPYKHOCTH, Kacalollelicsa BceX TPEX JAHHBIX.

9.35. Touka B — cepeaunna orpeska AC, npuyém AC = 6. [IpoBeseHbI
TPH OKPYXKHOCTH paauyca 5 ¢ HenTpaMu A, B u C. HaiiguTte paguyc yet-
BEPTOH OKDPYXXHOCTH, Kacawlelca BceX TPEX JaHHBbIX.

9.36. /lana OKpPYXHOCTH € I1eHTpOM B Touke O ¥ paguycoM 2. 13 koHIa
oTpe3ka OA, rnepeceKamLeroca ¢ OKpy)XXHOCTbIO B Touyke M, nposeseHa
KacarenbHaa AK k okpyxHocTH, ZOAK = 60°. HafiauTe paguyc OKpY»HO-
CTH, BIUCaHHOH B yron OAK M kacawlueiica JaHHOH OKPY>XKHOCTH BHell-
HHUM o6pa3zom.

9.37. B kpyre c nenrpom O xopaa AB nepecekaer paguyc OC B Toy-
ke D, npuuéM ZCDA = 120°. HaliauTe paiuyc OKPYKHOCTH, BIIUCAHHOH
B yroa ADC u Kacamoueiica ayru AC, eciu OC=2, OD=+/3.

9.38. Okpy)KHOCTH pagHycoB I' U R KacaioTcs Apyr Apyra BHYTPEeHHHAM
o6pa3oM. Haiiaure cTOpoHy paBHOCTOPOHHETO TPEYTONBLHUKA, Y KOTOPOT'o

O/IHa BepIllMHa HAXOAUTCA B TOUKE KacaHHA JaHHBIX OKPYyXXHOCTeH, a ABe
ADYTHe JIEXAT Ha Pa3HbIX JaHHBIX OKPY)XHOCTAX.

9.39. Paguychl okpyKHOCTe# S; M S,, KacamwlHUXca B ToYKe A, pas-
HBI R U r cooTBeTcTBeHHO (R > r). [IpAaMasd, npoxoasias yepes TOYKY B,
JIeXallyo Ha OKPY>XHOCTH S;, KacaeTcsl OKPYXHOCTH S, B Touke C. Hal-
aure BC, ecsin AB=a.

9.40. OTHOWEHNE pAJUYCOB OKPYXHOCTEH S U S4, KACAIOUUXCA B TOY-
Ke B, paBHO k (k > 1). VI3 ToukH A, jexaineil Ha OKPy>KHOCTH S;, TIpoO-
Be/ieHa NIpAMasd, Kacamwlaacad OKPYXHOCTH S, B Touke C. Hailaure AC,
€CJIM U3BeCTHO, YTO XOPAA, BhICEKAeMas OKPYKHOCTBIO S, Ha NpAMoit AB,
paBHa b.

9.41. Oxpy>XHOCTb paguyca 1 KacaeTca OKPY>XHOCTH pajuyca 3 B TOY-
ke C. Ilpamas, npoxogdamas depe3 To4Ky C, NepecekaeT OKPYXKHOCTb
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MEHBIIIEro paZinyca B TouKe A, a Gonbliero paguyca — B Touke B. Haiiau-
Te AC, ectu AB=2+/5.

9.42. OKpy>XHOCTb pajuyca 2 KacaeTc OKPYXHOCTH pajguyca 4 B TOY-
ke B. [IpaMad, npoxogsimasn yepes TOUYKy B, nepecekaeT OKPY>KHOCTL MEHb-
LIeTo pajuyca B Touke A, a boibuiero paguyca — B Touke C. Haitgure BC,
e AC =3v/2.

9.43. B yrosi BHHCAaHO HECKOIBKO OKPYXKHOCTEH, PaZiiyChl KOTOPBIX BO3-
pacTaloT. Kax/gaa ciefyolas OKpY>KHOCTb KacaeTcs NpeJHAYIIEH OKPYX-
HocTH. Halizyure cymMy JIMH BTOPOH U TPEeTheH OKPY>XHOCTEH, ec/iv paau-
yC IEPBO# paBeH 1, a WIOMIAAb KPYTa, OrPAHUYIEHKOT0 YeTBEPTON OKPYX-
HOCTBIO, paBHa 647,

9.44. Ha oTpe3ke AB, paBHOM 2R, Kak Ha AMaMeTpe [IOCTPOEHAa OKPYX-
HOCTb. BTOpas OKpy>XHOCTb TOT'O Xe paauyca, 4YTo U llepBas, UMeeT IeHTp
B Touke A. TpeTbfl OKPY>XHOCTb KacaeTcs IepBOM OKPYKHOCTH BHYTpEH-
HUM 06pa3oM, BTOPO# OKPY>XKHOCTH — BHEIIHUM 06pa3oM, a Talke Kaca-
eTcsa oTpe3ka AB. Halizure paguyc Tperbeil OKpPyXHOCTH.

9.45. /laH BHIIYKJIBI 4eTHIPEXYTONBHUK ABCD M aBe paBHBIE Kaca-
IOLIMECA OKPYXHOCTH paauyca r, IpUuéM OJHa U3 HUX KacaeTcs CTOPOH
AB, AD u CD, a Bropas — ctopoH AB, BC u CD. Touxu F u E — cepeau-
HBI IPOTHUBONONOXHBIX cTOpoH CD 1 AB cooTBeTcTBeHHO. LleHTp nepsoit
OKPY)XHOCTH HaxoAWTCH Ha oTpe3ke AF, a neHTp BTOpo¥ — Ha OTpe3ke
CE. Haiiaure anaronans AC.

9.46. B npamoyroiabsHOM cekTope AOB 13 TOUKM B Kak M3 [|eHTpa Ipo-
BegeHa ayra OC (C — Touka nepecedeHus 3ToH AyTH ¢ Ayroil AB) paguy-
ca BO. OxpyxxHOCTB S; KacaeTcda AyrH AB, ayru OC v npaMoit OA, npu4ém
TOYKH KAacaHUA Pa3JH4YHbI, 4 OKPYXXHOCTb S, KacaeTcs AyTH AB, npamoit
OA u oxpykHOCTH S; (TOYKHM KacaHHs TakKe [ONApHO pasjnyHel). Haii-
AVTe OTHOLIeHHe pajuyca OKPY)XHOCTH S; K pajuycy OKPY>XHOCTH S,.

9.47" Ha otpeske AC BadTa To4dka B ¥ Ha oTpeskax AB, BC, CA kak
Ha AWaMeTpax NOoCTPOEeHH! I1I0NYOKPYKHOCTH Sy, S,, S3 110 OAHY CTOPOHY
ot AC. HaliauTte pajuyc OKpy>XHOCTH, Kacalouleics BceX TPEX NOMYyOKPYX-
HOCTe#H, ec/Ii U3BECTHO, 4TO e€ LIeHTp yZaleH oT npaMoil AC Ha paccTos-
HHE a.

Y ka3 aHHue. [Ipumenure dopmyry l'epora.

9.48* /IBe okpyXHOCTH paAuycoB r U R (r < R) kacaioTca ApyT Apy-
ra BHelIHUM oOpa3om. [IpsiMast KacaeTcst 3STUX OKPYXXHOCTel B Toukax M
U N. B Toukax A ¥ B OKPY)KHOCTH KacaloTcsl BHEIIHUM o6pa3oM TpeTbel
oKpyxHocTHU. [IpaMbie AB u MN mnepecekawTtca B Touke C. M3 Touku C
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IIPOBeJieHa KacaTesibHasA K TpeTbed OKPYXKHOCTH (D — Toyka KacaHuA).
Haiinure CD.

Y kx a 3aHMue. Touka nepeceyeHUs NpAMbIx AB ¥ MN JeXHUT Ha IIpd-
MOH, Npoxoasiell Yepes IEHTPHI TIEPBRIX ABYX OKPY>XHOCTEI.



§ 10. [Iepecekaromyecs OKPYKHOCTH.
Pentenue 3agauu 10 U3 AHarHocTU4ecKoi paboTsl

10. Ha kaTeTax IpAMOYTOJIBLHOTO TPEYTOJIbHUKA KaK Ha JUAMETPAX I0-
CTPOEHBI OKPYXHOCTH. HaliauTe UX oburyio Xopay, eIy KaTeThl paBHbH 3
u4.

Omeem: % C

PeweHue. Ilycte CD —obuwan xop-
AAa OKDY)KHOCTEH, IOCTPOEHHBIX Ha KaTe-
Tax AC =3 1 BC =4 npsaMoyTOJIBHOIO Tpe-
yronbHuka ABC kak Ha gnamerpax. Toraa
ZADC = /BDC =90° Kkak BIACAHHBIE YIVIBI, A M B
onuparmMecs Ha AuMaMeTp. 3HAYHT, TOY-
Ka D nexrT Ha runoreHy3e AB, a CD — BricoTa IIpAMOYTO/NBHOIO Tpe-
yronbHUKa ABC, npoBeA€HHasA U3 BePUIMHEI IPAMOrO yTJja.
o Teopeme ITuparopa AB=v9+ 16 =15, a MOCKOIbKY

Sansc = 3AC-BC M Spapc = SAB-CD,

noay4aeM %AC -BC= %AB -CD, OTKyZa HaXoqUM, YTO

AC-BC _ 3-4 _ 12 <
AB 5 §5°

CD =

* % %

JlokaskeM BakHeiflllee CBOMCTBO MepeCEKAIOUIMXCA OKPYKHOCTEH.

YTBepxkaeHHe. JILHUS YeHMPO8 NepeceKaruwUxcsl OKpy#cHocmell nep-
neHOuKyApHa ux obwetl xopde u deaum e€ Nnononam.

JoxkasarenbcTBso. [lycts AB— o6ujas Xopaa nepeceKkamonmx-
¢ OKpY#HocTell ¢ teHTpamu O 1 O,. Touku O, u O, paBHOYZANEHEI OT

A
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KOKIIOB OTpe3ka AB, noatomy O, 0, — cepeANHHEIN [1epleHANKYAP K OT-

pe3ky AB. Yto 1 TpeGOBaNIOCh AOKA3aTh. 0O
Npumep 1. Paguychl AByX INepeceKaroIIMXCs OKPYXXHOCTeil paBHBE 13

u 15, a obmas xopja paeHa 24. HaliguTe paccTossHie MeX/y LleHTpaMH.

Omeem: 14 unu 4.

Pem e H u e. [IycTs OKpYXHOCTB pazuyca 13 c ieHTpoM O U OKPYX-
HOCTb paauyca 15 ¢ neHTpoM O, NepecekaloTcs B Touykax A u B. Toraa
0,0, 1 AB u npsamas 0,0, poxoauT yepes cepeAUHy M oTpeska AB.

V3 npAMOYTOJIBHBIX TPEYTONbHUKOB AMO, n AMO, no teopeme [Tnda-
ropa HaxoAuM, 4TO

MO; = v/132-122 =5, MO, = 4152-122 =9.

0,0,

Puc. 2

Ecnu Touxy O; u O, nexart 1o pasHbele CTOPOHBI OT NpAMoit AB (puc. 1),
TO

0,0, = MO, + MO, = 5+9 = 14.

Ecnn xe Touku O; u O, eXaT 110 0gHY CTOPOHY OT IIpAMO# AB (puc. 2),
TO

0102=M02_M01=9_5=4. <

IIpumep 2, /IBe OKPY)KHOCTH IlepeceKaloTcs B Toukax A U B. B kax-
JOH U3 9THX OKPYXHOCTEeH IpoBeleHHl xopabrl AC U AD, npu4ém xopzaa
OAHOW OKPY)XHOCTH KacaeTca Apyroil okpyxHoctu. Halzaute AB, ecsm
CB=a, DB=b.

Omeem: Vab.

P e m e H 1 e. M3 Teopemsl 06 yriie Mexly KacaTeJIbHOH U XOD/O#i cJie-
AyeT, 4To
ZBAC = /BDA, ZBAD = /BCA,
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D

NO3TOMY TpeyroabHUKH ABC u DBA nono6HbI IIo ABYM yriaMm. CrezoBa-
TeJIbHO,

AB _ BC

BD ~— AB’
OTKYZa HaXOAUM, YTO

AB? = BC-BD =ab, AB =\ ab. <



IoAroTOBHUTEJIBLHBIE 3a4a4H

10.1. [Mpsimas, npoxogsinas yepe3 ob1yI0 TOUKY A JBYX OKPYXKHOCTEH,
IlepeceKkaeT BTOPUYHO 3TH OKPYXXHOCTHU B TOYKax B 1 C COOTBETCTBEHHO.
PaccrosiHue MexAy NPOSKIMAMHU HEHTPOB OKPYXKHOCTe! Ha 3Ty NPAMYIO
paBHO 12. Hadaure BC, ecu U3BECTHO, YTO TOYKA A JIEXUT Ha OTpe3-
ke BC.

10.2. OxpyxHocCTH ¢ LeHTpaMH O; ¥ O, NlepecekaloTcs B TOYKax A U B.
H3BectHO, yTOo ZAO:B=90°, ZAO,B=60°, 0,0, =a. Haligute paguycst
OKPYKHOCTeH.

10.3. OTpe3oK, CoOeANHAIOMNI LEeRTPHl ABYX IepeCeKalIINXCA OKPYX-
HOCTe#, aenuTca ux obiueld XopAol Ha OTpe3ku, paBHEle 5 u 2. Haliam-
Te obLIYI0 XOpAY, €CcIi M3BeCTHO, YTO PaJUuyC OFHOH OKPYXHOCTH BJBOE
6onblire paguyca Apyroil.

10.4. Yepe3 BeplUIMHY A OCTPOYTOJBHOIO TpeyroibHuka ABC mpose-
JeHa npsiMas, napajiensHas cropoHe BC, paBHO# a, M NlepeceKalouas
OKPYXXHOCTH, NOCTPOEeHHble Ha cTopoHax AB um AC kak Ha juamMeTpax,
B Toukax M u N, oTTMuHBIX OT A. Haiiaure MN.

10.5. /IBe OKpPY>KHOCTH IlepeceKaloTcA B TouKax A U B. Yepes Touky A
npoBeAeHHb fuameTprl AC 1 AD aTux okpyxHoctei. Halaure paccrogHue
MeX/ly LIeHTpaMH oKpyxHocTeH, ecnu BC=a u BD =b.

10.6. B TpeyronsHuke ABC Ha HaubGonbiueil cropoHe BC, paBHOH b,
BbIGMpaeTca Touka M. HalanTe HauMeHblIee pacCTOSHUE MeXAY LieHTpa-
MM OKPYXKHOCTeH, OIIMCAHHBIX OKOJIO TpeyroabHUKOB BAM u ACM.

TpeHHpPOBOYHBIE 3a/]a4U

10.7. /lBe okpy:XHOCTH pajuycoB 3 U 4, pacCTOAHUE MeXAY LeHTpaMU
KOTOPBIX PaBHO 5, [lepeceKaroTcs B Todkax A u B. Hepes Touky B nnposeze-
Ha IpAMas, NlepeceKarinas OKPY>KHOCTH B Toukax C 1 D, npuyém CD =8
M TOYKa B nexur Mexay Toukamu C ¥ D. HalianTe IUI0LaAbL TpeyrolbHUKA
ACD.

10.8. Zlan poM6 ABCD. Paguychl OKPY>KHOCTeH, OIIUCAHHBIX OKOJIO Tpe-
yroabHUKOB ABC 1 BCD, paBHH 1 ¥ 2. HaliauTe paccTrosiEHe MeXIy LieH-
TPaMH 3THX OKPyXKHOCTeH.

10.9. JlBe OKPY>XHOCTH paZuycoB /5 u V2 repecexaroTca B TOUKe A.
PaccTofiHMe MeXIy LIeHTpaMH OKPYXXHOCTel paBHO 3. Yepes Touxy A npo-
BeJleHa NpAMast, Nepecekaomas OKPYXKHOCTA B Touykax B u C Tak, 4TO
AB =AC (Touka B He coBnagaert c C). Haiiaure AB.
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10.10. INepBasA W3 ABYX OKDPYKHOCTEH NPOXOAHUT yepe3 IIeHTP BTOPOMH
U nepecekaeT eé B Toukax A M B. KacaTenpHas k [epBoM CKpPY)KHOCTH,
TIpoXoAsuIasn yepes TOUKY A, A€JIUT BTOPYIO OKPY)XHOCTb Ha AyTH, I'pagyc-
Hble Mepbl KOTOPEIX OTHOCATCH Kak m :n (m <n). B kakoM OTHOLIEHUH
BTOpast OKPYKHOCTE AENUT IepBYI0?

10.11. Yepe3s obuiyto Touky C ABYX PaBHBIX OKPY)KHOCTEH [POBEAEHbI
JBe IpAMEIe, IlepeceKaloluye JaHHbIe OKPY’KHOCTH B TOYKaxX A, B U M,
N cootBercrBeHHO. [IpamMas AB napajnenbHa JHHUM LIEHTPOB, a lipAMas
MN obpasyeT yron a ¢ JuHue# HeHTpoB. M3BecTHO, uT0 AB = a. Hallau-
Te MN.

10.12. B napauienorpamme ABCD H3BecTHBI CTOpPOHEI AB=a, BC=b
U yroan £ZBAD = a. HaliiuTe paccTosiHUe MeXIY LiIeHTpaMHU OKPY)KHOCTel,
OIIMCaHHBIX OKOJIO TpeyroasHUKOB BCD u DAB.

10.13. /IBe OXpYXHOCTH MepeceKarTCcs B ToYkax A U K. YIX ueHTphl
paclioyIoXeHsl 110 pa3Hble CTOPOHBI OT NIPAMOM, coepkallein oTpe3ok AK.
Touku B u C nexaT Ha pasHbIX OKpy»xHOCTAX. [IpAaMasd, coaepxamas oT-
pe3ok AB, kacaeTcs 0JHOH OKPY)KHOCTH B Touke A. [Ipsamas, coaepxamas
oTpe3ok AC, KacaeTcs ApPYroil OKPYKHOCTH Takxke B Touke A. /UmmHa or-
pe3ka BK pasHa 1, i1uHa oTpeska CK paBHa 4, a TaHreHc yria CAB paBeH

1
——. HaiiguTe 1o b TpeyroabHUKa ABC.
/15 Haita aAb TPEYT:



§11. OKpy>XHOCTH, CBI3aHHBIE C TPEYTrOJIbHHUKOM
M 9EeTHIPEXYTOJIbHAKOM.
Pemenue 3aza4u 11 U3 AMarHocTH4YECKOH paboThI

11. Hatigute paguychl BIMCAHHOM M ONMCAHHOHM OKPYXHOCTEH Tpe-
YTOJIBHUKA €O CTOPOHaMH 13, 13, 24 1 paccTosiHMe MeXAy LIeHTpaMH 3THX

OKPYKHOCTeH.
Omeem: 16,9; 2,4; 14,3,

Pemenue. Iycte CD — BEICOTAa paBHOOEAPEHHOIO TPEYTONbHUKA
ABC co ctropoHaMu AC =BC =13 u AB=24, O — 1leHTp €er0 ONHUCAHHOH

OKPYXHOCTH paAuyca R, Q — LeHTp BNMCAHHON OKPYXHOCTH pajuyca r.
M3 npAMOyTonsHOTo TpeyroabHuka ACD HaxoANM, YTO

CD = VAC2—AD? = Y132 —122 =5, sméCAD—A—2=%.

[1o TeopeMe CHHYCOB

_ BC 13 _
R_2sinLBAC_2 5 =169
‘13

Painyc OKPY>KHOCTH, BIIMCAHHOH B TPEYTONbHHK, PaBEH IUIOLIAAH Tpe-
YIOJIbHUKA, €JIEHHOH Ha ero NOoIynepUMeTp, [I03TOMY

Saasc_ _ AD-CD _ 12-5
AC+AD ~ AC+AD ~— 13+12

r=

=24.

Bame'rp[M !{'ro yron CAD MeHblIe 45°, TaK KaK ero TaHreHC MeHblue 1

(tg LCAD = 152 < 1), 3aHauur, yron BCA Tynioi, noatomy Touk O 1 Q

AC
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JIeXXaT 10 pa3Hble CTOPOHHI OT NpAMOH AB. CieaoBaTebHO,

0Q=0C-CQ=0C—(CD—QD)=R—(CD—-r) =
=16,9-(5-2,4) =14,3. <

%* % %

B 3TOM paszesie Mbl paCCMOTPHM METOABI HAXOXKAEHHS PaZUyCOB OIHU-
CaHHO, BIIHCAKHOM U BHEBIMCAHHEIX OKPY>XHOCTEHN TPEeyroNbHHUKA, a TaK-
e 3aJa4y, CBA3aHHbIe C BIMCAHHBIMH H OIIMCAHHBIMH YeTbIPEXYTO/IbHU-
KaMH.

H3BECTHO, YTO OKOJIO KQXJOI'O TPEYTOJIbBHUKA MOXHO OIIUCATh OKPYX-
HOCTB, ¥ IPHTOM TOJIbKO OAHY. LIeHTp OIUCaHHON OKPYXHOCTH TPEYTOJIb-
HUKa — TOYKa IlepeceyeHys cepeHHHBIX NepIIeHANKYIAPOB K ero CTopo-
HaM. LIeHTp OKDY>KHOCTH, OIIMCAHHOI OKOJIO IIPAMOYTOJBHOI'O TPEYTOJb-
HHKa, — cepeAHHa FUIOTeHY3hl, LIEHTP OKPY>KHOCTH OCTPOYTOJIBHOTO Tpe-
YTOJIBHUKA PAcllOIOXeH BHYTPH TPeYrOMbHUKA, EHTP ONIMCAHHOM OKpPYX-
HOCTH TYIIOYTONIBHOIO TPEYroJlbHUKA — BHe TpeyrojibHUka. Bo MHorux
CIy4asx paguyc R onmUcaHHOM OKpYXHOCTH TpeyrolbHHKA yA0OHO Haxo-

a
ANTb € NOMOLIbIO TEOPEMEI CHHYCOB: R = 5=,
YTONMBbHHKA, 8 @ — YTOJ, IPOTUBOJIENKALIMIT STOH CTOPOHE.

Tle a — CTOpOHA Tpe-

Ilpumep 1. HaiiguTe paauyc OKPYXHOCTH, OIHCAHHOH OKOJO Tpe-
YTOJIbHUKA CO CTOPOHAMH a, b n b.
b2

\/ 4b? —a?

Peue Hue. Ilepaniii cnocob. [lyctb D — cepeArHa ocHoBaHus BC
paBHOOezpeHHOTO TpeyroabHHka ABC co cropoHaMmu AB=AC=b u
BC =a. VI3 npamoyTonbHOro TpeyroibHuka ADB HaxoguM, 4To

BD

_ 8D __a
cos ZABD = 2B~ 3B

Omesem:

Torza

2
sin ZABC = sin ZABD = /1 —cos? ZABD = \/ 1- %.

CileioBaTeNbHO, €ClIM R — paguyc OKPY»KHOCTH, OIIMCAaHHOW OKOJMIO Tpe-
yroapHuka ABC, To

AC b b?

~ 2sin/ZABC T 2\/1_(1_2 = \/4b2—a2.
4p?

R
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Bmopoti cnoco6. IpogomxuMm BeicOTy AD A0 NepeceYeHHUA C OIM-
CaHHOH OKpPYXHOCTBIO TpeyroibHuka ABC B Touke E. Torna AE — gna-
MeTp OkpyXHocTH, ZABE = 90°, a BD — BbICOTa IPAMOYTOJIBHOIO Tpe-
yronpbHuKa ABE, mpoBeA€HHAasA M3 BepUIMHBI IPSMOro yrja, No3TOMY
BD?*=AD-DE, w1

b2
U3 atoro YPaBHE€HHUA HAXOJAHUM, YTO R=— <

\ 4b? —a? .
IIpumep 2. Haitaute pagnyc OKPY)XHOCTH, OIIMCAHHOM OKOJIO Tpe-
yToJIbHMKA CO CTOpoHamu 13, 14, 15. ‘

Omeem: %5

PemweHue. [lycTh a—yroia, HpoTHUBOMEXALTUN
CTOpOHe, paBHOH 15. Toraa U3 TeopeMbl KOCHHYCOB I10-

JIy4aeMm
_ 169+196—225 _ 5
COSA = —~——F 7 11

2.13-14 = 13"
CnenoBaTeIbHO, M R — paguyc OKpY>KHOCTH, OIIMCAHHOI OKOJIO JaHHO-
Tro Tpe}’I‘OJIbHHKa, TO

15 15 _ 15 _ 65
R=2¢na = 52 .12 87 <
2¢/1- () 13
* * %

V3BeCTHO TaKKe, YTO B JI0O0H TPEYTOMBHUK MOXHO BIUCATL OKPYX-
HOCTB, Y TIDUTOM TOJIBKO OAHY. BUCCEKTPHUCH TPeyroJbHUKa NlepeceKaloT-
cf B OJHOHM TOuKe. DTa TOYKA paBHOyAAIEHA OT CTOPOH TPEYroNbHMKA,
IIO3TOMY OHA U €CTb LIEHTP BIIMCAHHOMN OKPY)KHOCTH TPEYTOIbHUKA.
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BHCCceKTpUCH ABYX BHEIIHHX M TPeThbero BHYTPEHHEr O YIVIOB TPEYTOJIb-
HHKa TaKKe IepeceKaoTca B OAHON TOuKe. JTa TOYKA paBHOyjajeHa OT
CTOPOH 3THX YIJIOB, I03TOMY OHa — LIEHTP OKPYXHOCTH, Kacalw1ueics of-
HOM CTOPOHHI TPEYT'OJIbHUKA Y IIPOJO/DKEHUH AABYX APYTHX €TI0 CTOPOH, T. €.
LEHTP BHEBIINCAHHOMN OKDPYXHOCTH TPEYTOJbHUKA. Y KOKIOTO TPEYToJlb-
HHKa eCTh TPU BHEBIIUCAHHBIX OKPYXXHOCTH.

JlokaxxeM Ba BaxHbIX PaKTa, CBA3AHHBIX C BIMCAHHON U BHEBIMCAH-
HOM OKPY>XHOCTSIMU TPeYTO/IbHUKA.

YreepxaeHue 1. Ecnu snucaHHas OKpy»WcHOCmMb Kacaemcsi CMopoHbl
AB mpeyzonsHuka ABC 8 mouke M, mo AM = p —a, z0e p— nonynepu-
Mmemp mpeyeonsvHuka ABC, a a =BC.

JokaszaTtenbcTso. ObosHauum AC = b,
AB =c. Ilyctb K 1 L—TO4YKM KacaHus BIIMCAH-
HOM OKPYKHOCTH co cTopoHaMu AC U BC cooTBeT-
crBenHo. Toraa

a=BC=BL+LC=BM+4+C(CK =

= (AB-AM)+ (AC—AK) =
= (c—AM)+ (b— AM) = b+c—2AM,

oTKya AM = bﬂT_a

YrBepoxaeHue 2. Ecnu okpywHocms kacaemcest cmopoubt BC mpe-
yeonvHuka ABC, npodoswenus cmoponst AB 8 mouke N u npodoamerus
cmopoHst AC, mo AN = p, 20e p — nojtynepumemp mpey20JibHUKA.

=p—a. 0

NokxaszartenscTBo. ObosHaumm BC = aq,
AC =b, AB =c. IlycTp OKpPY>XHOCTb KacaeTci CTOpPO-
HH BC B TOuke P, a IpoAO/LKEHUA CTOpORBl AC —B
Touke Q. Toraga

2p = AB+BC+AC = AB+(BP+CP)+AC =
=AB+(BN+CQ)+AC =
= (AB+BN)+ (CQ+ AC) = AN + AQ = 2AN,

oTKyaa AN =p. d

* % %
[Ipy BEIMHCIEHHUH paInycoB BIMCAHHON W BHEBIMCAHHON OKDYKHO-
CcTeil oIe3HHl TakKe CIeAyIomue GopMybl A IUIOIAAN TPEYTONbHHKA.

YrBepakaeHue. Ecru p — nosynepumemp mpeyezosibHuUKd, I — paouyc
€20 B8NMUCAHHOU OKPYWHOCMU, d T, — paduyc 8HeBNUCAHHOLL OKPYHCHOCMLL,
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Kacaroueficsi Cmopombl, pasHoll a, mo

S=pr, M
S=(p—-a)r,. (2)

JlokasaTenbctBo popmyinsl (1) uanaraercs B yuebHuke. JlokaxeM ¢op-
Myay (2).

NoxasaTenbcTBo. Obosnauum BC =a, AC =b, AB=c. Ilyctp
O, — IeHTpP BHEBIIMCAHHON OKPY)XHOCTH TpeyroiabHuKa ABC, kacaoleii-
csi cropoRsl BC, P, N U Q — TOYKHA KacaHMS 3TOM
OKPYXXHOCTH €O ¢TOpoHO#1 BC U 1pogO/IKe HUAMH CTO-
poH AB u AC cooTBeTCTBeHHO. Toraa

S = Saasc = SAAOHB +SAAoac - SABoac =
1 1 1
= EAB-OGN+ EAC-OaQ— EBC-OGP =

1 1 1
= Ecra+§bra— 20y =

+b—
= %-ra =(p—ar,. O

PaccMOTpUM Ha NpUMEpPAx HECKOJIBKO CocoboB
HaXxoXX/JeHHA paJUycoB BIIACAaHHBIX U BHEBIIUCAHHBIX
OKPYXXHOCTEH TPEeYTOIbHHUKA.

IIpumep 3. CropoHbl TpeyroabHHKa pasHbl 10, 10, 12. Haligute pagu-
yCBbl BIUCAHHON U BHEBIIMCAHHBIX OKPY>KHOCTE.

Omeem: 3; 12; 8; 8.

Pemenue. IlycTe r —paAuyc BIUCAHHOI OKDY>XHOCTH TPeYyTosib-
Huka ABC (AC=BC=10,AB=12), r., ry, ¥ r, — paiuychi BHEBIIHCAHHBIX
OKpYXHOCTe#, kacawluxcs cTopoH AB, AC u BC coorBeTcTBeHHO, O, O}
¥ O, — ¥X UeHTpPHI, S — IUIOLIaAb TPeyroabHUKa ABC, p — ero Nonynepu-
MeTp.

ITepeviii cnoco6. BocnombayeMca uaBecTHOM ¢opmynoi S = pr. Ilo-
ckonbKy BbicoTa CK TpeyronsHuka ABC paBHa 8, To § =48. CrejoBa-
TEJIBHO,

—_S_48_
r= P16 3.
EcJIA OKpYXHOCTB C IeHTpoM O, KacaeTcs NPOAO/HKEHHUA CTOPOHbBI BC

B Touke M, TO U3 nogodbusa TpeyrosbHUKoB CMO, 1 CKB HaxoauM, 4To

BC+BM _ . BC+BK

_ —pr. M _ o
ro=OM = BK - G = BK- —&— = BK- —2p

—g.16 _
=6- 8 =12
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C

[

O

IycTs oKpy»XHOCTB € IleHTpoM O, KacaeTcs [pOAO/DKeHHA CTOPOHH AB
B Toyke F, a npoaomxenud ctopoHsl AC — B Touke E. [Tockonapky CO, —
6uccexTpuca yria BCE, a CK — 6uccexrpuca ero cMexHoro yrna ACB, To
Z0,CK =90°. Iloatomy O,CKF — npsamMoyronbHUK. CJle0BaTeNbHO,

n=r,=0,F=CK=8.

Bmopoti cnoco6 (BbIYUCIEHHE PAZMYCOB BHEBIMCAHHBIX OKPYXHOC-

Teit). [IpuMeHuM popmyny r, = ﬁ. B nHamewm ciay4yae

S 48
p—c 16—-12

S __48 _
p—a  16-10

r.= 12, n=r,= 8.

Tpemuii cnoco6 (BbraucaeHue r U r.). Iockonbky AO — b6uccekTpuca
TpeyronsHuka AKC, 1o

OK _AK _ 6

_3
OC —AC 10— 5
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a tak kak OK =r, noimy4aeMm

—0K=3ck=3.8=
r=0K=3gCK=3-8=3
C
0
A B
K
O.

IMockonbky AO, — BucceKTpHca BHelLIHero yria tpeyroibsHuka AKC, o

a tak kak O.K =r,, To

* k %
HanmoMHHUM HeKOTOpble YTBEPXJAEHMS, OTHOCALIMECA K BIMCAHHBIX
M ONUCAHHBIM YeTHIPEXYTONbHUKAM.

Teopema 1. /ln1a mozo umobbl 0KONO UeMbIPEXY20bHUKA MONHO Obt-
JI0 OnuUCams OKPYWHOcms, Heobxodumo u docmamouHo, umobsi cymma e2o
0gyx npomueonoaoXcHsix yenoe bsuna pasHa 180°.

Teopema 2. /11 mozo umobbi 8 8bINYKAbLL HeMBIPEXY20NILHUK MONCHO
6bL10 sNuCamMb OKpy#HOCMb, Heobxodumo u docmamouro, umobst CyMmbL
€20 NPOMUBONONIONHBLX CMOPOH BbL1U PABHBL.

IMpumep 4. Okono yeThIpExyronsHUKA ABCD MOXHO OnHCaTh OKPYXK-
HocTb. M3BecTHO, uTo AB=3, BC=4, CD=5 u AD =2, Haiigure AC,

. [299
Omeem: 11 -

P e 1 e H u e. O6o3nauum yron ZABC = a. Torga

AC? = AB®> + BC? —2AB-BC cosa = AD? + CD? —2AD - CD cos(180° — a),



Pemenne 3ajayu 11 U3 AMardHocTHyeckoil paboThl 85

Wi
9+16—2-3-4cosa=4+25+2-2-5cosa.
B
A
Y

[N

D
M3 3Toro ypaBHEHHS HAXOAHM, UTO COS @ = —%. Cile10BaTENLHO,

2 _ .9.4. L — 299
AC*=9+416+2-3:4 1= 11" <

INpumep 5. [MepumeTp paBHOGEJPEHHOH TpaleLHH, ONIHCAHHOM OKO-
JIO OKPYKHOCTH, paBeH 2p. HaiiauTe npoekiyio AMaroHaau Tpaleliy Ha
Gornblliee OCHOBAHHE.

Omeem: % p-

PemeH ue. [Ipoekiua auaroHanau paBHOGen-
pEeHHOHM TpaneLuH Ha Gosblllee OCHOBaHUE paBHa
NOJycyMMe OCHOBAHMH, a T.K. Tpameuus OINHCaH-
Hasi, TO CyMMa OCHOBaHH# paBHa CyMMe GOKOBBLIX
cropoH. (JleioBaTEIbBHO, CyMMa OCHOBAaHUM paBHa IIQJIYyNEpHMETPY Tpa-

MeLHH, a NMOMyCyMMa OCHOBAaHHH — YeTBePTH NepUMETPa, T. €. 5 P. <



TToAroTOBUTEJIBHbBIE 3aJa4YH

11.1. BokoBas cTopoHa paBHOOeApEeHHOro TpeyroJbHMKa paBHa 2, yron
Ipu BepuiuHe paBeH 120°. Haiigure fuaMeTp onMCcaHHONW OKPY>KHOCTH.

11.2. TTox KakuM YTIIOM BHJHA M3 TOYEK OKPYKHOCTH XOpZa, paBHas
pazuycy?

11.3. B paBHobeapeHHOM TpeyronbHuke ABC (AB = BC) npoBezeHa
BoicoTa CD. ¥Yron BAC paBeH a. Paguyc OKPY>KHOCTH, TIpOXoZAleH yepes
Touku A, C ¥ D, paBeH R. Haligure riomaas TpeyronbHuKa ABC.

11.4. KaTeTsl NpAMOYTOJILHOIO TPEYTONIbHUKA paBHHI a@ U b, a runore-
Hy3a paBHa ¢. Hafiaure paauyc BIIUCAHHO#M OKPYXHOCTH.

11.5. JlaH TpeyronbHUK €O CTOpoHaMH 3, 4 u 5. Haigure paanycel ero
ONMCAHHOM, BIIMCAHHON U BHEBNMCAHHBIX OKPY>KHOCTEI.

11.6. JaH TpeyroapHHK co cTropoHamy 13, 13 u 10, HalauTe paguycel
€ro ONMCAHHON, BIIUCAHHON U BHEBIIMCAHHBIX OKPY>KHOCTEH.

11.7. JaH TpeyroJbHHK €O cTopoHaMH 13, 14 u 15, HaiiauTe paguycel
€ro OIMCaHHOM, BIUCAHHOH U BHEBIIUCAHHBIX OKPY)KHOCTEH.

11.8. B paBHOGeApeHHbII TPEYTONBHUK C OCHOBAaHHEM, PaBHbIM a, BIH-
caHa OKPY>KHOCTb, U K Helf IpoBeZIeHbl TPH KacaTellbHble, OTCEKaIoLIHe OT
JAHHOI'O TPEYTOJIbHUKA TPH TPEYTOIbHUKA, CYMMa NIEPUMETPOB KOTOPHIX
paBHa b. Haiigute 60KOBYI0 CTOPOHY JJaHHOI'O TPeyrolbHUKa.

11.9. Ipoekuusa GOKOBOM CTOpPOHBI paBHOOeApPEeHHOHN TpaneuHH Ha
6osiblllee OCHOBAHME paBHA a, CpeAHAA JIWHUA TpanelnuH paBHa b, a oct-
pHIA yroa npH OCHOBaHMM paBeH 45°. HaiiauTe paguyc OKpPY>KHOCTH,
OITMCAHHOM OKOJIO TpalleLiHH.

11.10. OcHoBaHMA paBHOGeApEeHHOM TpaneLUy paBHH 9 U 21, a BbICOTa
paBHa 8. Haligure pasnyc OKpy>KHOCTH, OIIMCAHHOM OKOJIO Tpalleluu.

TpeHHpOBOYHBIE 3a/]a4N

11.11. Tpaneuns ABCD c ochoBaHuAMH BC =2 u AD =10 TakoBa, 4TO
B HE€ MOXXHO BIIMCATh OKPYXKHOCTH M OKOJIO Heé MOXKHO ONMUCATh OKPYX-
Hoctb. Onpegennre, rje HaXOAUTCA LEHTP OIIMCAHHOMN OKPYXHOCTH, T. €.
PACIIOJIOKEH OH BHYTPHM TpalleliMy, WIH BHE eé, WM e Ha OJHOH U3 CTo-
poH Tpanenun ABCD. HalizuTe Taxke OTHOLIEHHE PAaANYCOB OMUCAHHON
U BITUCAHHOW OKPYXHOCTEH.
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11.12. B nnpsAMOYTroJI5HOM TPeyrojlbHUKE OTHOILLIEeHHe pajnyca BIIMCAH-

. o 2 "
HOM OKDY)XHOCTH K PaZMycCy ONHCAHHON OKDY:KHOCTH PaBHO ¢. Haiizure
OCTpBIE YIJIbI TPEYTOJIbHUKA.

11.13. B npsiMoyronbsHbIid TpeyronbHUK ABC ¢ yrioM A, paBHEIM 30°,
BIIMCaHa OKPY>KHOCTb paauyca R. Bropas OKpy>XHOCTb, Jie)Xalas BHe Tpe-
YTONBbHUKA, KacaeTcs CTOpoHbl BC M NPOJO/DKEHHH ABYX APYTUX CTOPOH.
Haiigure paccTosiHue MeXIy LieHTPaMH OKPYXKHOCTEH.

11.14. B tpeyronsHuke PQR yron QRP paBeH 60°. Haligure paccron-
HHUe MeXJy TOYKaMH KacaHHMA cO CTOpPOHOM QR OKpY»XHOCTH pajuyca 2,
BIIMCAHHOH B TPEYTOJbHUK, M OKPY:KHOCTH pazMyca 3, Kacawolueicsa mpo-
JOJDKeHHH cTopoH PQ 1 PR.

11.15. PaBHOCTOpOHHUH TpeyroabHUK ABC co cTopoHolt 3 BHHCaH
B OKPY»KHOCTb. Toyka D JIeXXUT Ha OKPYXXHOCTH, IIpU4EM xopga AD pas-
Ha v/3. Haitzure xopast BD u CD.

11.16. [1IycTe O — LIEHTP OKPYKHOCTH, OIIUCAaHHOH OKOJIO TPEYTONbHU-
ka ABC, ZAOC = 60°. Haitgute yron AMC, rae M — UeHTp OKPY»KHOCTH,
BIIMCAHHOM B TpeYyToJIbHUK ABC. _

11.17. B Tpeyronbuuke ABC usBecTHO, yTo AC =b, ZABC = a. Haii-
JNTe pajuyc OKPY>KHOCTH, NIPOXOAALIeH yepe3 LiEeHTP BIMCAHHOTO B Tpe-
yronbHMK ABC Kpyra ¥ BeplIMHb A U C.

11.18. B oKpy>XHOCTH NpoBeAeHbl ABe XopAsl AB=a u AC =b. [lnuHa
ayru AC BaBoe Gosnbline anuHbl AyTu AB. Haianre pasgnyc OKpYy»KHOCTH.

11.19. M3 ToukM M Ha OKPYKHOCTH IIpOBeJEeHHl TPH XOpAbsl: MN =1,
MP =6, MQ = 2. Ilpu atoMm yrisl NMP u PMQ paenu. Halaure paguyc
OKPYXHOCTH.

11.20. Yepes BepuinHel A U B TpeyronbHHKa ABC TIPOXOAUT OKPYX-
HOCTB paauyca r, iepecekatomas cropoHy BC B Touke D. Haiiqurte paguyc
OKPYKHOCTH, IpoxozsaLeit yepe3 Toukd A, D u C, eciiu AB=c 1 AC=b.

11.21. lleHTp ONMMCAHHOW OKPYXHOCTH TPEYTOJbHHKA CUMMETpUYEH
ero LeHTPY BIIMCAHHOW OKPY)XHOCTH OTHOCUTEIbHO OJHOH M3 CTOPOH.
Haiiaure yribl TpeyrojibHHKA.

11.22. Yron npu OCHOBaHUM paBHOOEApPEHHOTO TPEYroNbHUKA paBeH
. Haligure oTHOlIEHHe paAMyca BIMCAaHHOM B JaHHBIA TPeYroJIbHUK
OKPY)XHOCTH K paJuycy OIIMCAHHON OKPYXHOCTH.

11.23. B TpeyroabHuke ABC ¢ nepuMerpoM 2p cropoHa AC paBHa a,
ocTpriit yron ABC paBeH a. BriucanHas B TpeyroibHUK ABC OKPY»KHOCTB
¢ ueHtpoM O Kacaetca cropoHsl BC B Touke K. Haiiaure iomassb Tpe-
yronsHUKa BOK.
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11.24. B TpeyronsHuke ABC ¢ nepumeTpoM 2p ocTpsiil yron BAC pa-
BeH a. OKpY>KHOCTb C LIeHTPOM B TouKe O KacaeTcs cTopoHEl BC U ipoao-
»eHus ctopoH AB u AC B Toukax K U L coorBeTcTBeHHO. Touka D nexuT
BHyTpM otpe3ka AK, AD = a. Halizure mwiomags tpeyronsHuka DOK.

11.25. B TpeyrojbHHK BIIHCAHA OKPYXXHOCTDb paguyca 4. OgHa U3 cro-
POH TpeyToJbHHKa pasaejieHa TOYKOM KacaHHUs Ha 4acTH, paBHble 6 u 8.
Hariaure aBe apyrye CTOPOHEI TPEYTOJNbHHUKA.

11.26. IlpaMoyronbHBI# TpeyroibHUK ABC pasaenéH BreicoToR CD,
IIpOBeAEHHOH K TMIIOTeHy3e, Ha JBa TpeyrojbHHKa: BCD 1 ACD. Paauycel
OKpYXHOCTeH, BIIMCAHHBIX B 3TH TPEYrOJbHHUKH, PaBHH 4 U 3 COOTBET-
cTtBeHHO. HaiiguTe paguyc OKpy>XKHOCTH, BIUCAaHHOH B TpeyroabHUK ABC.

11.27. K OKpY>XHOCTH, BIIMCAHHOH B TPEYTOJbHHUK CO CTOPOHaMH 6, 10
U 12, npoBeneHa KacaTeJbHas, NepeceKamolas ABe GOJIblINEe CTOPOHBI.
Hafligure mepumMeTp OTCEYEHHOTO TPEYTOJbHUKA.

11.28. OKpy»KHOCTb, BIIMUCAHHAA B TPeYTroJbHUK, TOYKON KacaHHA Je-
JIUT OAHY U3 CTOPOH Ha OTPe3KH, paBHHE 3 U 4, a IPOTHBOJIEXKAILUHA 3TOH
CTopoHe yroi paBeH 120°. HafiauTe ruiomazpb TpeyrolbHUKA.

11.29. ITycts CD — MeauaHa TpeyroabHuKa ABC. OKpDY:KHOCTH, BITH-
caHHbIE B TpeyroJibHUKH ACD U BCD, kacaroTest oTpe3ka CD B Toukax M
U N. Haiigute MN, ecniu AC —BC=2.

11.30. Ha ocHoBaHnH AB paBHOGeApeHHOro TpeyroibHuKa ABC B3sTa
Touyka D, npu4yéM BD — AD = 4. Hafigute pacCTOHUE MEXAY TOYKAMH,
B KOTOPEIX OKPY>XKHOCTH, BIIMCaHHbIe B TpeyroabHUKH ACD u BCD, kaca-
10TCA oTpe3ka CD.

11.31. B yeTripéxyronbiuke MNPQ pacnojyoXeHbl ABe HellepeceKalo-
IAecs OKpyKHOCTU. OfHa U3 HMX KacaeTcda cTopoH MN, NP, PQ, a apy-
rag — ctopoH MN, MQ, PQ. Touku B u A nexaT Ha ctopoHax MN u PQ co-
OTBETCTBEHHO, IPHYEM OTpe30K AB kacaercs obeux oxpyxHocTell. Hait-
auTe ctopoHy MQ, et NP =b 1 nepuMeTp deTHIpéxyronbHuka BAQM
6onble nepuMeTpa 4eThHIpEXYTONbHUKA ABNP Ha BeTUYUHY 2D.

11.32. Okos10 OKPYXHOCTH paguyca R onucaH napasiejiorpamm. Ilio-
ab YeTHIPEXYTONbHUKA C BEPIIMHAMU B TOYKAX KACAHUA OKPYKHOCTH
Y napajutesiorpaMMa paBHa S. HaiauTe cTOpOHH NapauleorpaMMma.

11.33. B yeTnlpéxyroneHuke ABCD ctopoHa AB pasHa cropoHe BC,
suaroHanb AC paBHa cropoHe CD, a ZACB = /ZACD. Paguycsl OKpPy>KHO-
cTel, BIMCaHHBIX B TpeyroibHuku ACB n ACD, otHocsTes Kak 3 : 4. Hait-
JyTe OTHOLICHME IUIOIAaAe 9THUX TPEYTOIbHHUKOB.

11.34. IlepumeTp TpeyroapHuka ABC paBeH 8. B TpeyroJbHUK BIIHCaHA
OKDYXXHOCTb, U K Hell NpoBe/ieHa KacarTejbHafd, [1apa/UleJIbHas CTOPOHE
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AB. OTpe3ok 5TOH KacaTelbHOH, 3aKIIOYEHHBIA MeXAy cTopoHamMu AC
u CB, pages 1. Haiigure cropoHy AB.

11.35. Paguyc BIUCcaHHON B TpeyrolbHHK ABC OKpPYXHOCTH paBeH
V3 — 1. Yron BAC pasen 60°, a paiHyc OKpPYXXHOCTH, Kacalolle#cs Cropo-
HEI BC 1 npoaomkenuit ctopon AB u AC, pasen +/3 + 1. HaiiauTe yrabt
ABC u ACB.

11.36. B napannenorpamme ABCD octpriil yron BAD paBeH a. Ilycte
0,, Oy, O3, O4 — LIEHTPHI OKPY>XHOCTEH, OIMCAHHBIX OKOJIO TPEYTOJbHH-
xoB DAB, DAC, DBC, ABC cooTBeTCcTBeHHO. HaliAnTe OTHOllIEHUe TLIoIa-
iy deTripéxyronpbHuka 0,0,030, K IU1o1aAu napanenorpamma ABCD.

11.37. Oxoso TpeyronbHuKa ABC onucaHa OKpyXKHOCTb. MeguaHa AD
NpOAC/DKEHA A0 IlepeceyeH s ¢ 3TOH OKPYXHOCTBIO B Touke E. M3BecTHo,
uro AB+ AD =DE, /BAD =60°, AE = 6. HaiiguTe miomajab TpeyrojibHU-
ka ABC.

11.38. B yethipéxyroibHHK ABCD MOXHO BIIMCAaTh U BOKPYr' HEro
MOXKHO OIIMCaTh OKPYXHOCTb. /[MaroHaiu 4eThIpéXyroJbHUKa Iepres/u-
KynsapHBL. Haliaure ero riomazp, eciv paguyc ONMCaHHOH OKPYXHOCTH
paseH R u AB=2BC.

11.39. Paguyc OKPY>XHOCTH, OIIMCAHHOH OKOJIO OCTPOYI'OJLHOIO Tpe-
yronsHUKa ABC, paBeH 1. M3BecTHO, 4TO Ha 3TOM OKPY)XHOCTH JIEHUT
LIEHTP JPYTON OKPY>XHOCTHU, NPOXOAAIIeil yepe3 BepiMHbl A, C ¥ TOYKYy
nepeceyeHUs BBICOT TpeyronbHuKa ABC. Hatiaure AC.

11.40. Tloa xaxk¥M YIVIOM BHJHA U3 BEpPUIMHLI IIPAMOrO yria IpAaMo-
YTOJIBHOTO TPEYTJIbHHUKA HIPOEKIHUA BIHCAHHON OKPYXHOCTH Ha THIIO-

TeHy3y?



§ 12. IIponmopuHOHAJIBHBIE OTPE3KU B OKPYKHOCTH.
PeimieHne 3azauu 12 U3 AUArHOCTHYECKOH pabOTHhI

12. Ha npogomkeHnu auaMeTpa AB OKpYy:KHOCTH OTJIOXEH O0Tpe30K BC,
paBHBIH guameTpy. [lpsimas, npoxoasaias yepe3s Touky C, KacaeTcs1 OKpyxk-
HOcTH B Touke M. Haliaure wiomags tpeyronbHuka ACM, ecim paguyc
OKPYKHOCTHU paBeH R.

Omsem: %Rzﬁ.
Pe e H u e, [Iyctb O — ueHTp OKpykHOCTH. Toraa OM L CM. B nips-

MOYT'OJIBHOM TpeyroibHHKe OMC u3BecTHO, 4T0 OM =R u OC=0B +
+BC=R+2R=23R. Torza

cM =V/0C?-0M? =V/oR*~R? = 2RVZ, sinzocM =28 =& =2
M
A R O R /B 2R C
CrepoBaresbHO,
SAACM=%AC-CM-sin£ACM=%.4R.2R\/§,%=%R2\/§. <

* * %

OTOT pasjen NMOCBALIEH TeOPeMe O IIPOU3BeJeHNH OTPE3KOB lepeceKa-
IOLIMXCA XOpJ OKPY>XHOCTH, TeOpeMe O KacaTeJIbHOM U ceKyllei, a Taioke
BaXHOMY CJIEICTBHIO U3 3THX TEOpPEM.

Teopema. IIpoussedeHus ompe3Kos NepeceKaroUjUxXcst Xopo OKPYHCHO-
cmu pasHst, m. e. ecau xopost AB u CD okpyxcHocmu nepecekaiomca 8 mou-
ke M, mo AM-MB=CM -MD.

A
D
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Teopema (o KacaTenbHOM M ceKywleH). Ecau u3z mouku, nemaujell
8He OKDY#CHOCMU, NpoBedeHbl K OKPYHCHOCMU KACAMeNbHAA U CeKywds,
mo npoussedeHue ecell ceKyuell Ha e€ BHEWHIOW UACTMb PABHO Keaopd-
my KacamenbHol, m.e. eciu mouka M pacnosomeHa eHe OKDy#HOCMU,
npamasn, npoxodawjan wepe3 mouky M, kacaemca okpyxHocmu e mouke C,
a emopas npamas, npoxodauwan uepe3 mouky M, nepecekaem oKpys#HOCMb
8 moukax A u B, mo MC?=MA-MB.

C

Cnepcrsue. Jins aaHHONW ToukM M, JaHHOHW OKPYXXHOCTH M Jrobof
NpAMOH, HpoXoJAlel 4Yepe3 TOUYKY M U IepeceKamwoueid OKPYXHOCTh
B TOUKax A U B, npousseaenre MA-MB ofHO U TO Xe.

Ilpumep 1. PaccTosiHMe OT TOYKM P A0 LIeHTpa OKDYXKHOCTH paauy-
ca 11 paBHo 7. Hepe3 Touky P nposeAeHa XopAa, paBHana 18. Haiigure oT-
pe3KH, Ha KOTOphle Je/IUTCA XopAa TOYKOH! P.

Omsem: 12 u 6.

PemeHnue. Ilycte O —LeHTP OKPY)KHOCTH, AB — aHHadA xopia.
[TpoBeaém auameTp CD, cozeprkaumit Touky P (P Mexay O u D). O6o-
3Ha4uM PB = x. Torga

AP=18-x, DP=0OD-0P=11-7 =4,
PC=0P+0C=7+11=18.

A

W3 TeopeMEl 0 NepeceKkarIuXxca Xopjax noixydaeM AP - PB=PD - PC, unu
(18—x)x=4-18. 13 aTOro ypaBHeHHsA HaxXoAuM, 9yTo x=12 win x=06. <
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TIpumep 2. U3 TOYKM A, Jexallesl BHe OKPYXHOCTH, NPOBeJeHb
K OKPYXHOCTH KacaTeJbHadA U ceKylas. PaccTosHUe OT TOYKY A 10 TOYKHU
KacaHHsa paBHO 16, a paccTosiHHMe OT TOYKH A 10 OJHOH M3 TO4YeK Ilepece-
YeHHA CEKyLIEeH ¢ OKPY)XHOCThIO paBHO 32. HalianTe pajnyc OKpY»KHOCTH,
ec/IM pacCTOAHME OT eé IEHTpa A0 CeKylllel paBHoO S.

Omeem: 13.

P e w1 e H M e. IlycTs cexymas nepecekaeT OKpy>KHOCTb B ToUKax Bu C,
a M — touka KacaHusa. Torma AM =16, AC =32, AB + BC = 32. [lo Teo-
peMe o KacaTenbHoit u cexymeit AM? = AC - AB, wiu 162 =32(32 — BC).
Orcloaa HaxoauM, 4to BC =24.

o 16

> 8
C\ 12 K 12 /B A

IMycte K — npoexuus neHTpa O JaHHOH OKDPYXHOCTH Ha xopay BC.
PaziHyc OKPYKHOCTH HaxXoAUM 1o TeopeMe [Indaropa U3 paMOyToIbHOTO

TpeyronbHuKka OKB: R=0B= v OK?+BK?=+/25+144=13. <
Tpumep 3. JoKaxuTe, YTO [pAMasd, IPOXOAAIIAA Yepe3 TOUKH Iiepe-
ceYeHHA ABYX OKPYXKHOCTeH, JETUT N0101aM OBLIYIO KACATeNbHYIO K HUM.

JokaszaTtenbcTBo. Ilyctb A 1 B— Touku NepecedeHUs ABYX
OKpyXHocte#l, MN — obwas kacarenbHass (M 1 N —TOYKM KacaHuUs),
K — Touka nepecedenun NpAMBIX AB 1 MN (A mexnay K u B).

.

Torna MK2=KB-KA u NK?*=KB - KA. Ciegosarensio, MK =NK. [



IToaroroBUTeAbHBbIE 3a4a49YH

12.1. Toyka M BHYTPH OKPY>XHOCTH JI€JTUT XOPAY 3TOW OKPYXHOCTH Ha
OTpe3KH, paBHble a 11 b. Uepe3s rouky M nposeaeHa xopaa AB, aenamascs
Toyko# M nononaM. Haiiaure AB.

12.2. /luaroHaay BIUCAaHHOIO YeThIpéxyroabEMKka ABCD nepecexaoT-
cs B Touke K. U3BecTHo, uro AB =a, BK =b, AK =c¢, CD =d. Haiaure AC.

12.3. U3 TOuKH, PacIoNoXeHHOM BHe OKPYXKHOCTH Ha PacCTOAHUU V7
OT LieHTPa, IpOBeJeHA CeKyILasi, BHYTPEHHAA 4acTh KOTOPOH BABOE MEHb-
Ile BHEMIHeM U paBHA pajuycy OKpy>XHocTU. Haligute paguyc OKpyx-
HOCTH.

12.4. Yepez Touxky M nposejeHsl gBe IpsMble. OfHa U3 HAUX KacaeTcH
HEKOTOPO#l OKPY»HOCTH B TOUKe A, a BTOpas MepeceKaeT 3Ty OKPY>KHOCTh
B Toukax B u C, npuyéMm BC =7 u BM =9. Haligute AM.

12.5. M3 TOoukuM A INpoBeAeHH JBa Jyda, IepeceKaioliue JaHHYIO
OKPYXHOCTb: OFMH—B Toukax B u C, apyroii—B Toukax D u E. Us-
BeCTHO, uTo AB=7, BC=7, AD =10. Haitiaure DE.

12.6. Touka M yzaseHa OT LieHTpa OKPY>KHOCTH pajuyca R Ha paccTo-
arMe d. [Ipsamasn, npoxoJAmas yepe3 TOUKy M, nepecekaeT OKpyXHOCTb
B Toukax A 4 B. Haiiaure npousseaerdne AM - BM.

12.7. B kBagpaT ABCD co cTOpOHO# a BIICaHa OKPYXKHOCTh, KOTOPas
kacaetcs cTopolsl CD B Touke E. HaiiiuTe X0opAy, COeANHAIOLIYIO TOYKH,
B KOTOPBIX OKPY>KHOCTB IepeceKaeTes ¢ npsaMoit AE.

12.8. B npsamoyronbHOM TpeyronsHuke ABC yron A npsMoH, katet AB
paBeH a, pasuyc BIIMCAHHON OKPY)XHOCTHU paBeH r. BnucaHHas OKpyx-
HOCTb Kacaetcs karera AC B Touxe D. Haigure xopay, coeAVHAIOLYIO
TOYKH lepeceyeHHs OKPY:KHOCTH € IpAMoi BD.

12.9. Ha 60k0BO# cTOpOHe paBHOOEAPEHHOro TPEYTOJbHUKA KaK Ha
AvaMeTpe I0CTPOeHA OKPY)KHOCTD, Je/IA1ast BTOPYIO 60KOBYIO CTOPOHY Ha
OTpE3KH, paBHble a U b. HaiiauTe ocHOBaHHe TpeyrolbHUKA.

12.10. B oxpyxHocTu ¢ leHTpoM O npoBefeHH XopArl AB u CD, ne-
pecekawluecs B Touke M, npuuém AM =4, MB=1, CM = 2. Haliaure
yrox OMC.

TpeHupoBOYHBIE 3a7a4YH

12.11. B oKpy»>XHOCTB BIIMCAH YeTHIPEXYTOAbHHUK ABCD, npuyém AB —
AviamMeTp OKpPYXHOCTU. JlnaroHanu AC U BD nepecekaloTcsl B Touke M.

N3BecTtHO, yTOo BC =3, CM = %, a rowajb TpeyroasHuka ABC BTpoe
Hosbllie WIOWAAY TpeyrolbHUKa ACD. Haitante AM.
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12.12. Yepes BeplinHel B U C TpeyroibHHKa ABC TpoBeJieHa OKpYX-
HOCTb, KOTOpas IepeceKaeT CTOpOHY AB B Touke K, a cTopoHy AC —
B Touke E. Haiiaure AE, 3Has, uto AK =KB=a, /BCK =a, ZCBE=f.

12.13. OKpYy>KHOCTB, IIOCTPOEHHAA Ha cTOpoHEe AC TpeyroabHHKa ABC
KaK Ha AuaMeTpe, [IPOXOANT dyepe3 cepefUHy cTOpOHH BC M NepecekaeT

B Touke D npopomxeHUe cTOpoHbt AB 3a Touky A, npuuém AD = %AB.
HariguTe mwiowaze TpeyroabHuka ABC, ecin AC=1.

12.14. Kaxxaas u3 60koBbiX cTopoH AB u BC paBHoGeapeHHoOro Tpe-
yroabHUKa ABC pasfesieHa Ha TPU paBHBIE YACTU, U Yepes3 YeTHpe TOY-
KU AejleHHA Ha 3TUX CTOPOHAax MpOBeZieHa OKPYXXHOCTD, BBICEKAKOIAA Ha
ocHoBaHUU AC xopay DE. HaliguTe oTHoLIeHHe IUIOWAaAel TpeyrolibHu-
k0B ABC u BDE, ecsiun AB=BC=3u AC=4.

12.15. OKpY>XHOCTb, AHAMETp KOTOpOi paBeH v'10, IPOXOAMT uepe3
coceaHyne BeplIMHEI A U B npamoyronbHUKa ABCD. JiinKEa kacaTelbHOi,
npoBeAEHHOHN U3 ToukM C K OKpYXHOCTH, paBHa 3, AB=1. Haiigure cro-
poHy BC.

12.16. OKpY>XHOCTb IIPOXOAUT Yepe3 cocefHHe BeplUHHbBl M 1 N 1pd-
MoyronbHuKa MNPQ. JnuHa kacaTelbHOM, NpOBeAEHHON M3 TOYKM Q
K OKpPYXHOCTH, paBHa 1, PQ = 2. Haiigure miowagb NpAMOYTOIbHHKA
MNPQ, ecny AMaMeTp OKPY>KHOCTH paBeH V5.

12.17. Toykn A, B, C, D — nocnefoBaTe/NbHbIe BEPIIMHBI IPAMOYTO/B-
HHUKa. OKpPY>XHOCTb NpOXOAUT Yepe3 A 1 B 1 kacaercs cToponbl CD B eé
cepeaute. Yepes D npoBesieHa NpAMan, KOTopasa KacaeTcs Toit e OKpyx-
HOCTH B ToYKe E, a 3aTeM nepecekaeT NpOAOKeHHEe CTOPOHH AB B TOY-
ke K. Hariaure rwomazb Tpaneuuu BCDK, ecin u3BecTHo, uTo AB =10
MKE:KA=3:2.

12.18. HaiiauTe paauyc OKpY»KHOCTH, KOTOpast BEICEKaeT Ha 06eHx cTo-
pOHax yI/a, paBHOI'O (, XOPALL, paBHEIE a, €CJIH U3BECTHO, YTO pacCTOAHHE
Mexay 6mpkaiiiiMy KOHIIAMU 3THX XOpZ paBHO b.

12.19. Cropona kBagpara ABCD paBHa 1 U ABIA€TCA XOpAOH HEKO-
TOPOH OKPYKHOCTH, IIpHYEM OCTaNbHbIE CTOPOHBI KB3JpaTa JIeKAT BHE
aToil okpyxHoctH. KacarenpHan CK, npoBeaéHHad U3 BepUIMHEI C K 3TOH
e OKPY>XHOCTH, paBHa 2. HalizuTe 11aMeTp OKPY>KHOCTH.

12,20. B npsMoyronbHOM TpeyrosibHHke ABC ¢ kareramu AB =3
u BC =4 yepes cepeiMHHI cTOpOH AB 1 AC TIpoBe/ieHa OKPY>KHOCTh, Kaca-
rouasca karera BC. Haiiaure JMHY oTpeska IMIoTeHy3bl AC, KOTOpbIi
JIEXXUT BHYTPH 3TOH OKPYXHOCTH.

12.21. B Tpeyronenuke ABC ctopoHa BC paBsHa 4, a MeAHaHa, IIpo-
BeA€HHAA K 3TOM cTOpoHe, paBHa 3. Haiigure an1uHy oblueil Xxopab! ABYX
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OKPY>KHOCTEeH, KaKZasA U3 KOTOPHIX IIPOXOAUT 4Yepe3 TOUKYy A M KacaeT-
ca BC, npuuém ogHa kacaetcs BC B Touke B, a BTopas — B Touke C.

12.22. OxpyxHOCTb, IIpoXoAsAlIasn yepe3 BepliMHbL B, C u D napanne-
norpamMma ABCD, kacaetcs npsaMod AD M nepecekaet npamyio AB B Tou-
kax B u E. Haitaute AE, ecyiu AD=4u CE=5.

12.23. V3 Touku A, HaxojAwmeHcs Ha pacCTOAHUH 5 OT LIEHTPa OKPYX-
HOCTU pazuyca 3, IpoBeZieHsl ABe cexyire AKC u ALB, yron Mexay KOTo-
puimu paBen 30° (K, C, L, B— TOUKM IlepeceyeHHsA CeKYIHUX C OKPY>KHO-
cTbio). HaliauTe momasns tpeyronpHuka AKL, ety wiomais Tpeyroib-
HUKa ABC pasha 10.

12.24. Ha npamo# pacnonoxeHsl Touku A, B, C u D, cneayrouye aApyr
3a ApyroM B YKa3aHHOM nopgajke. M3pecTHO, yTo BC =3, AB=2CD. Yepes
Toukd A U C NpoBeieHa HeKOTopasd OKPYXHOCTb, a Yepe3 TOYKM B u D —
apyras. Mx obimas xopzaa nepecekaeT orpe3ok BC B Touke K. Hatiaure BK.

12.25. B paBHObOeapeHHOM TpeyroibHuKe ABC (AB = AC) npoBeseHb
6uccexrpuchl AD, BE, CF. Haniaute BC, ecit u3BecTHO, uTo AC =1, a Bep-
LIMHA A JIOXUT Ha OKPYXKHOCTH, Npoxojsllet yepe3 Toukd D, EU F.

12.26. OKpyXHOCTb KacaeTca CTOpOR AB M AD npaMoyronbHUKa
ABCD u npoxoaunt 4epe3 BepiinHy C. CropoHy DC oOHa nepeceKkaeT
B Touke N. Haiiaute mnowaas tpaneunn ABND, ecin AB=9 u AD =8.

12.27. Ha ozHo# 13 CTOPOH yria, paBHoro a (a < 90°), c BepmHHOH
B Touke O B3ATH TOYkU A U B, npuuém OA =a, OB =b. Hailaute paau-
yC OKDYKHOCTH, MpoxozAllell yepe3 ToUkU A U B U xacarweiics apyroi
CTOPOHHI YIJ1a.

12.28. Ha karete AC NpAMOYTOJIBHOrO TpeyroibHHKa ABC Kak Ha
AvaMeTpe NoCTpoeHa OKPY)KHOCTb. OHa IlepeceKaeT IMIIOTeHY3y AB B TOY-
ke E. Ha cropoHe BC B3sATa Touka G Tak, 4I0o oTpe3ok AG Iepeceka-
eT OKPY»KHOCTb B TOYKe F, npu4yéM oTpesku EF u AC napasieybHHI,
BG=2CG u AC =2+/3. Haiigure GF.

12.29. B napamrenorpamme ABCD yron BCD paBen 150°, a cTopoHa
AD paBHa 8. Hailigure pasuyc OKPYXHOCTH, Kacawierca npamon CD
U IpoxoZsleil yepe3 BepLIMHY A, a TaKKe NepeceKkampllel cropoHy AD
Ha pacCcTOAHUHU 2 OT TOYkM D.

12.30. Oxpy>xHOCTb M NpAMas KacamTca B Touke M. U3 Touek A u B
3TON OKPY>XHOCTH OIyLIeHb! NepIeHANKYNAPEl Ha IPAMYIO, paBHble a U b
COOTBETCTBeHHo. Halaure paccTossHue OT TOUKM M A0 npaMoit AB.

12.31. OKpy»XHOCTb, BIIMCAHHAA B TPEYTONbHHK ABC, A€JIUT MeAHaHy
BM Ha Tpu paBHHe YacTU. Haiigure otHoleHue BC : CA : AB.
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12.32. /IBe OKPY»XHOCTH paArycoB R U r liepecekalTca B ToUKax A U B
H KacaloTcs IpaMoi B Toukax C U D; N — ToyKa nepecedeHHs NpaMbIx AB
U CD (B mexay A u N). Haligure:

1) paguyc OKpPY>XKHOCTH, OIIMCAHHOM OKOJIO TpeyronbHuka ACD;

2) oTHOIIIEeHHE BHICOT TpeYronbHUKoB NAC 1 NAD, onyllieHHbIX U3 Bep-
IIUHEBL N.

12.33* PaBHoOeapeHHas Tpanenus ¢ ocHoBaHuAMH AD u BC (AD > BC)
ONHCcaHa OKOJIO OKPY>XHOCTH, KOTopas KacaeTcs cTopoHbl CD B Touke M.
Otpe3ox AM nepecexkaeT OKpyXHOCTb B Toyke N. HaMjgure oTHOImIe-
Hue AD k BC, ectu AN : NM =k.

12.34* B tpaneuun ABCD c ocHoBaHMAMH AD u BC yron A paBeH 45°,
yron D paseH 60°. Ha guaroHasx Tpanenyy Kak Ha JAaMeTpax [10CTpo-
€HbI OKPY>KHOCTH, Ilepecexkaromuecs B Todkax M u N. Xopaa MN nepece-
kaeT ocHoBaHue AD B Touke E. Haviaute otHoutenue AE : ED.



§13. Yrisl, cB3aHHBIE C OKPYKHOCTBIO. MeTOA
BCIIOMOTATEJBHON OKPYKHOCTH.
Pemrenve 3azayu 13 U3 guarHocTuyeckoi paboTsl

13. OxpyxHOCTb S IIPOXOAMUT 4Yepes LIEHTP OKPY)XHOCTH S, U Ilepece-
kaeT eé B Toukax A 4 B. Xopaa AC OKpY»KHOCTH S; KacaeTcsl OKPYXHOCTH
S; B TOUke A M JeJUT NepBYI0 OKPY)XHOCTb Ha AYTH, IpaJycHble MepHI
KOTOPBIX OTHOCATCA KakK 5 : 7. HalauTe rpagycHble MepHl AYT, HAa KOTOPHIe
OKPYXHOCTD Sy JETUTCA OKPY>KHOCTBIO Sj.

Omeem: 150° 1 210°.

PemeHne. Ilyctb O, u O, — LIEHTPHI OKPYyXKHOCTEH S; U S, COOT-
BeTCTBeHHO. Toraa
S _
5+7 ~
Mockoneky Z0,AC =90° (pazuyc, NpOBeAEHHBIA B TOYKY KacaHHs, Nep-
NEeHAVKY/sIpeH KacaTeabHOH), orpe3ok O,C — AraMeTp OKpPYXHOCTH Sy,
No3aTOMy

ZAO0,C = 360°- 150°.

LAO,C = 3 LA0,C = 75",

Torza rpagycHas Mepa AyTU OKPY>KHOCTH S,, 3aKJHOYEHHON MeXIy CTOpO-
Hamu yria AO,C, paBHa 75°, a rpazycHast Mepa Ay AB OKpPY>XHOCTH Ss,
coAepxauiefcss BHYTPH OKPY)KHOCTH S, paBHa 150°. CieaoBarenbHo, Ao-
TNIOMHATEIbHAS K HEl AyTa OKPY»XHOCTH S, paBHa 360° — 150°=210°. <«

* k %

HamoMHuM, 4To yri0Basg BeTMYHHA AYT'H — 3TO YTIOBasA BEJIMYUHA CO-
OTBETCTBYIOILETO 3TOH Ayre LeHTPaJIbHOTO yIia.
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BIiHcaHHBIH yTOJ1 paBeH IOMOBHHE YIVIOBOH BEIMUYHHEI COOTBETCTBYIO-
Iero LeHTpajibHOro yria (ayru). OTcioa ciesyeT, YTO BIIMCAHHBIE YIVIBI,
OIlMpalOLIHAecs Ha OAHY U Ty Xe OYTY, PaBHHI, T. €. €CJIA TOYKU A U B nexxat
Ha OKPY>XHOCTH ITI0 OZIHY CTOPOHY OT IIpAMOH, cogepaier xopay CD, To
ZCAD =/CBD. Ecnu Ke TOUKUA A U B nexar mo pazHble CTOPOHBI OT IIpA-
Moit CD, To ZCAD + ZCBD =180°.

A

Yron MexJy kacaTeJIbHOH M XOpAO¥H paBeH Io- A B
JIOBUHE YTTIOBOM BEeMWYMHEI AYTH, 3aKIIOUEHHOH
MEXJY HAMH, T. €. eCIM [IpAMas KacaeTcad OKpyX-
HOCTH B TOUKe A, To4Yka B JileXHT Ha 3TOH IpA- C
MoH, a Touka C —Ha OKPY)XHOCTH, NIpUYEM BCe
TPYU TOYKY DPa3JU4HBl, TO YIJIOBAas BEJIWYHMHA YT-
Ja BAC paBHa NOJIOBUHE YTTIOBOW BEIUYUHEI ZYTH
AC, 3axm04€HHOM BHYTpH yria BAC.
Ipumep 1. JlokaxuTe, 9TO Yroa MeXIy lepe- A2 C
CeKaloUIMMUCA XOpAaMH paBeH NOJIYCyMMe YTIJIO-
BEIX BEJHYMH IPOTHBOIIOQJIOKHBIX AYT, BHICEKae-
MBIX Ha OKPY:KHOCTHM 3THMM XOpAaMH, T.e. eCIH
xopasl AB 1 CD nepecekalorcd B TOuke M, nexa-
el BHYTPH OKPYKHOCTH, TO yIJIOBas BEIHYNHA
Kaxgoro u3 yroe AMC n BMD paBHa IOAyCyM-
Me VITIOBBIX BeJTUUUH AyT AC ¥ BD, 3aKJ1I04€HHBIX B
BHYTPH 3TUX YTIJIOB. ﬁ
JoxasaTtenbcTBo. [lycTs yrnoBble BeIMYMHH Ayr AC U BD,
3aKJII0YEHHBIX BHYTPH YIJI0B AMC U BMD, paBHH a U 3 COOTBETCTBEHHO.
Ilo TeopeMe 0 BHeIIIHEM YTJIE€ TPEYTOIbHHKA

N

a+p
7

Yro 1 TpeboBasoch AOKA3aTh. O

/AMC = /MBC + /MCB = /ABC + ZDCB = % +

IIpumep 2. JlIoKaxuTe, YTO yToa MeXAY CeKYIIMMU, IpOBeAEHHEIMH
K OKPY>KHOCTH H3 TOYKH, JieXKaled BHe OKPYXHOCTH, paBeH NOIypa3HOCTH
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VIVIOBBIX BEJIMYHUH AYT, COAEPXKALIUXCA BHYTPH 3TOTO yria, T.e. eIy ToY-
Ka M ieXMT BHe OKPYXHOCTH, OAHA NIpAMas, IPoXoAAIlan yepes 3Ty ToY-
Ky, [lepeceKaeT OKPY>XHOCThb I0C/Ie[0BAaTE/IbHO B TOYKaxX A U B, a BTopas
IIpAMast, mpoxozsauan 4epes Touxky M, — B Toykax C u D, To yrioBas Be-
JY4HHa yryia BMD paBHa NOMypasHOCTH YIVIOBBIX BeJIUYHH AyT BD u AC,
3aKJII0YEHHBIX BHYTpPH 3TOrO yIJa.

JAokxasaTeascTBo. IlycTs yriosele BeuduHsl Ayr AC U BD,
3aKTIOYEHHBIX BHYTpH YT/I0B AMC u BMD, paBHHI a U B COOTBETCTBEHHO

(a<B).

[To TeopeMe 0 BHeILIHEM yTIe TPEYTONbHUKA

/BMD = LAMC = /BCD — ZMBC = /BCD — ZABC = 5 — % = '3;“

Ilpnmep 3. KacaTenpHasa B TOYKe A K ONHMCAHHON OKPYXHOCTH Tpe-
yronbHuka ABC nepecekaeT npsiMyto BC B Touke E; AD — 6uccekTpuca
TpeyroibHuka ABC. Jlokaxure, utro AE =ED.

JdokaszaTeabcTBo. [lycTe TOuKa E JIEXKHAT Ha NPOAODKEHUU
cTopoHs! BC 3a Touky B. [IppMeHUB TeopeMy 00 yTiie MeXAy KacaTeJbHOH
M XOpAOH MU TeOpeMy O BHEILIHeM yTJIe TPeYTONbHUKA, NIOTYyYHM, YTO

ZEAD = /EAB+ /BAD = ZACB+ £ZDAC = ZEDA.
A

E BUC

3HauuT, TpeyronbHUK ADE sBideTcsa paBHOOeApPEHHBIM, CJIe40BATEIbHO,
AE =ED. O
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ITpumep 4. B kpyre nposenu TpH XopAbl AB, BC, CD ¥ 0OTMeTWIH HX
cepeauHsl M, N u K cooTBercTBeHHO. M3BecTHO, yTo ZBMN = a. Hailgu-
Te /NKC.

Omeem: a wiu 180° — a.

Peure H u e. [TycTs TOukM A ¥ D Nexar 110 OAHy CTOPOHY OT IIpAMOil
BC. TTockonbKy KN 1 MN — cpeaHye IMHUU TpeyrolbHUKOB BCD 1 CBA,
0o KN || BD 1 MN || AC. [TosTomy

ZNKC = /BDC = /BAC = /BMN = a.

ITycTh TOYKM A M D Jexar 1o pasHble CTOPOHHBI OT IpAMo# BC. Ilo-
ckonbKy KN 1 MN —cpeaHne JUHUH TpeyroabHUKOB BCD n CBA, 1O
KN ||BD u MN || AC. ITosTomy

ZBMN = /BAC, /NKC = /BDC.

ZBMN + ZNKC = ZBAC + /BDC = 180°.

CneznoBaTeNbHO,

ZNKC = 180° — ZBMN = 180° — a. <
* %k %

Eciu nipy pasMblllUIeHUM HAJ 3aadedl YRaéTcsa 3aMeTHTh, YTO KaKue-
TO YeThIpe TOUKY JIeXKAT Ha OAHOM OKPYXHOCTH, TO AaJibHeHIIne paccyx-
JIeHUsI CBOJATCA K U3BECTHBIM CBOMCTBAM YIJIOB, CBS3aHHBIX C OKPY>KHO-
CTBIO. DTOT METOA OOBIYHO HA3bIBAIOT METOJOM BCIIOMOI'aTe/IbHOH OKpPYX-
HOCTH.

OrMeTUM HauboNee U3BECTHBIE YCIOBHS, IIPU KOTOPBIX YETHIPE TOUKH
JIeKAT HA OAHOM OKPY)KHOCTH.

1) MoHoO yKa3aTb TOYKY, PABHOYAQJIEHHYIO OT paccMaTpHBaeMBIX TO-
yeKk A, B, Cu D.
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2) N3 Touyek A 1 B orpe3ok CD BHZIEH NOA IPAMBIM YIJIOM.

3) U3 Touek A u B, nexallux II0 OAHY CTOPOHY OT npaMoi CD, orpe-
3ok CD BU/IeH NIOJ] OAHUM ¥ TEM K€ YIJIOM.

4) Touxku A ¥ B jiexar 1o pasHble CTOPOHHI OT npAMoi CD, ¥ IIpy 3TOM
cymma yriioB CAD n CBD pasHa 180°.

5) Toukn A ¥ B nexkaT Ha OZHOM CTOpOHE Hepa3BEPHYTOTO YIVIa C Bep-
wnHOH O, Touku C ¥ D — Ha Apyro#, 1 npu atoM OA-OB=0C: OD.

6) Otpesku AB u CD nepecekaiorcs B Touke O, ¥ nipu 3ToM OA-OB =
=0C-0D.

IMpumep 5. M3BecTHO, uTOo BM 1 CN — BBICOTH TpeyronpHUKa ABC,
npy 3toM MN =10 1 BC = 26. HailzuTte paccTosiHHe MexAy cepeArHaMHU
oTpe3koB MN u BC.

Omsem: 12.

Pemenwne. Ilycth P u Q — cepeauHb 0Tpe3koB BC U MN cooT-
BeTCTBeHHO. VI3 Touek M u N oTpe3ok BC BHIEH NoJ NIPAMEIM YIJIOM,
3HAYMT, 3TU TOYKHU JIeXKaT Ha OKPYXHOCTH ¢ AuaMeTpoM BC. Touka P —
LIEHTP OKPYXHOCTH, a Q — cepeaynHa xopzabl MN, nosatomy PQ | MN.

M3 npAaMoyrosabHoOro TpeyrojibHuka PQM HaxoAuM, YyTo

PQ=PM2—QM? = V13252 = 12. P

Ipumep 6. OcHoBanue CD, guaroHans BD u 6okoBas cropoHa AD
Tpamneluu ABCD paBHul p. BokoBas ctopona BC paBHa q. Hadaure aua-
roHaie AC.

Omsgem: \/4p? —q>.
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PemeHue. OKpPYyXHOCTh C LIEHTPOM B TOYKe D M pajHycOM p
npoxoauT dYepe3 Touku A, B 1 C. Ecin CC; — auaMeTp OKpPYKHOCTH, TO
ABCC, — paBHOGezapeHHas Tpanenus, AC; =BC =q.

INockonpky ZCAC; =90° (Touka A JeXHUT Ha OKPY>KHOCTH C JUAMET-
poM CCl)J

AC? = CC? - AC? = 4p* —¢*.

CnepoatensHo, AC =4/ 4p? —q2. <
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13.1. Okpy>XHOCTb KacaeTcs CTOPOH yIVIa C BepUIMHOM A B To4Kax B
u C. Haligure rpajaycHbule Mephl JYT, Ha KOTOpble OKPYXHOCTb A€JINTCH
ToukaMH B u C, ecnu Z/BAC =70°.

13.2. [Tycts AB 1 AC — paBHHe xopAH, MAN — xacaTesibHas, rpagyc-
Has Mepa AyTd BC, He cozepsauied Touku A, paBHa 200°. Haligure yribt
MAB u NAC.

13.3. Tpeyronsuuk ABC paBHOOeapeHHEIH. Paguyc OA OIMCaHHOTO
Kpyra obpasyer ¢ ocHoBaHueM AC yron OAC, paeHbid 20°. Haigure
yron BAC.

13.4. OKpy>XHOCTB OIlHCaHa OKOJIO PaBHOCTOPOHHEIO TPeyrojbHHKa
ABC. Ha pyre BC, He cofepxallleid TOYKy A, pacrnojoxkeHa Todka M,
AieNiAas rpajycHylo Mepy 3TOR AYTH B oTHolteHMH 1 : 2. Haiaute ymiul
TpeyronbHuka AMB.

13.5. Toykn A, B, C u D nocieoBaTe/IbHO PAcTIONOXEHH Ha OKPYX-
HocTU. M3BecTHO, 4To rpagycHele Mepel MeHbIIMX AyT AB, BC, CD n1 AD
OTHOCATCA Kak 1:3:5:6. HailauTe yrvibl yeThIpEXyroabHHKa ABCD.

13.6. OKpy>XHOCTb NPOXOAWUT Yepe3 BepIIMHBl A U C TpeyroabHHKa
ABC, nepecekas cTopoHy AB B Touke E U cropoHy BC B Touke F. Yron
AEC B 5 pa3 6onbiue yria BAF, a yron ABC paBeH 72°. Hailaure paguyc
OKPYXHOCTH, ecjin AC =6,

13.7. 113 ToukH P, pacnoyoXXeHHOM BHYTPH OCTPOrO yIJla C BepIIMHON
B Touke A, OIMylleHb! NMepleHAUKYIApE PC ¥ PB Ha CTOpPOHHI yria AB
H AC. U3sBecTHo, yTo LCBP = 25°, Haitiaute yroa CAP.

13.8. B oxpykHocTh BIcaH npaMoyroiisHUK ABCD, cTopoHa AB Ko-
TOporo paBHa a. M3 xonlja K guaMetpa KP, mapaie/sbHOro CTopoHe AB,
cTopoHa BC BuzHa nog yrnoM . HaliznTe paguyc OKPYKHOCTH.

13.9. B BhITyKsIOM ueThIpéxyronbHuke ABCD u3BecTHO, uto ZBCD =
=80°, ZACB=50° u LABD =30°. Haitgure yron ADB.

13.10. B BHITyKIOM YeTHIpEXyTONbHUKe ABCD M3BecTHO, yTo ZACB =
=25°, ZACD =40° u ZBAD =115°. Hatiaure yron ADB.

13.11. B BHITYKJIOM 4YeThIpEXYTOIbHUKe ABCD M3BeCTHO, YTO

/ABC =116°, /ADC =64°, /CAB=35" u /CAD =52°
Hafiaure yroa Mexay AHaroHaJIMH, ONMUPAKLINACA Ha CTOPOHY AB.

13.12. B yeTslpéxyroneHuke ABCD 13BeCcTHO, 9YTO

/ABD = ZACD = 45°, /BAC =30°, BC=1.
Hawiaute AD.
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13.13. Bo BIIMCAaHHOM 4YeTHIPEXYIO/ibHHKe ABCD M3BECTHH YIVIHL:
/DAB=a, /LABC=f, ZBKC=y,

rge K — Trouka nepecevyenus guaronaneid. Hakaure yron ACD.

TpeHHpOBOYHBIE 3aJa4YH

13.14. Oxono TpeyronsHuka ABC, B koTopoM BC =a, /B=a, ZC=f,
ON¥ICaHa OKPYXHOCTb. BuccekTpHca yIia A nepecekaeT 3Ty OKPYKHOCTDb
B Touke K. HaiiauTe AK.

13.15. Tpeyromsuuku ABC 1 ADC nMmeloT obiyio cropoHy AC; cro-
poHBl AD n BC mepecekaloTcs B Touke M. Yriel B 1 D paBHH 1o 40°.
PaccrosiHHe MexzZy BepiiHaMu D U B paBHO cTopoHe AB, ZAMC =70°.
Haiiayrre yrel TpeyronsHuKoB ABC 1 ADC.

13.16. BHyTpH yria ¢ BepmuMHoH O B3ATa HeKoTopas Touka M. Jlya OM
obpa3syeT cO CTOPOHAaMH yTJa YIVIbl, OAZHH M3 KOTOpOro Oosblie ApPyroro
Ha 10°; A m B—npoeKkuMHY TOYKM M Ha cTopoHHl yrna. Haiaure yron
MeXAy IpAMBIMH AB 1 OM.

13.17. BepumHa yrvia BeJMYHHON 70° CAY)XHAT HayajioM Jyda, obpa-
aytomiero ¢ ero cropoHamu yriel 30° u 40°. 3 HekoTopol Toukn M Ha
3TOT JydY M Ha CTOPOHB! yI/Ia ONYUleHbl INepleHAWUKYAApbl, OCHOBaHUA
KoTOopeIXx — A, B u C. Haliaure yrin TpeyronbHuka ABC.

13.18. B oCcTpOYronsHOM TpeyronbHuKe ABC M3 OCHOBAHUS D BEICOTHI
BD omnymeHs! ntepneHAuKyasapel DM n DN Ha ctopoHH AB 1 BC. HU3Becr-
Ho, yTo MN =a, BD =b. Hailaure yron ABC.

13.19. XopAa AeUT OKPYXHOCTb Ha AYT'H, TPaZyCcHHE Mephl KOTOPHIX
oTHocATca kak 11:16. Hadaure yron Mex Ay KacaTeJbHBIMH, IPOBEAEH-
HBIMH 4Yepe3 KOHIIB 3TOH XOpABL.

13.20. PaccTosinve MexAy LIeHTpAMH HellepeCceKalolIMXCA OKPYXHOC-
TeH paBHO d. JJOKQXHTe, YTO TOYKH IepecevyeHHs OOIIMX BHELIHHMX Ka-
caTeJbHbIX ¢ OOIIMMM BHYTPEHHHMHM KacaTeJbHBIMH JIEXAT Ha OZHOK
OKPY>XHOCTH, ¥ HaliuTe eé paguyc.

13.21. B TpeyronbHuke ABC npoBeneHb! 6uccekTprckt AD U BE, me-
pecexawyecs B Touke O. M3BecTHo, yto OE =1, a BepminHa C JeXUAT
Ha OKPYXHOCTH, IIpoXxoZdlei dyepe3 Toukd E, D 1 O. HallauTe CTOPOHH
¥ yrasl TpeyroasHuka EDO,

13.22. B tpeyroabHyke ABC yron B npaMoi, BelrdMHa yria A pas-

Ha d, Touka D — cepeanHa runoTeHy3ml. Touka C; cMMMeTpHUYHa Touke C
OTHOCHUTETLHO NIpsAiMoiA BD. Haliaure yron AC,B.
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13.23. Ha cTopoHe AB TpeyroibHuKa ABC BO BHEUIHIOK CTOPOHY IO-
CTpPOeH PaBHOCTOPOHHHMH TpeyroabHHUK. HaliiuTe paccTosHue MexJy ero
LIEHTPOM U BepmuHoH C, ecnu AB=cun ZC=120°.

13.24. B yeThipéxyronpHuke ABCD yrnbl B u D npsamue. /inarosans
AC obpasyeT co cTopoHOoil AB ocTpeiii yron 40°, a co croponod AD —
yron 30°. HaliziuTe ocTphiit yron Mexy auaroHanamu AC u BD.

13.25. B mpAMOYTOIBHOM TpeyTroibHUKe ABC yros npH BepiuivHe A pa-
BeH 60°, O — cepeAuiHa TUIIOTEHY3H AB, P — I[eHTp BIIMCAHHOH OKpPYX-
HocTH. Hadaure yroa POC.

13.26. B nmapasuienorpamme ABCD ocTphiil yroa paBeH a, OKPYXHOCTh
pazuyca r IIpOXOJWT depe3 BeplMHH A, B, C 1 nepecekaer npsameie AD
u CD B Toukax M u N. Haliaure miomaas TpeyroisHuka BMN.

13.27. OxpyxHOCTb, IIpOXo/ALLas Yepes BepluiuHE A, B 1 C napaijie-
norpamMma ABCD, nepecekaeT npsaMmeie AD ¥ CD B Toukax M u N. Toyka
M ynaneHa ot BepuvH B, C 1 D Ha paccToAHuA 4, 3 4 2 COOTBETCTBEHHO.
Haiaure MN.

13.28. B oKpy»KHOCTE BIIMCAH YeTHIPEXYTOAbHUK ABCD, AaroHaM Ko-
TOPOT'O B3aKMHO IepIIeHJUKY/IAPHEI U NlepecekaloTcs B Touke E. [Ipamas,
IpoxozAlias yepes ToO4Ky E M nepneHaukyasapHasa K BC, nepecekaert cTo-
poHy AD B Touke M. Jlokaxure, yto EM — MezauaHa TpeyronbHuka AED,
M HailanTe e€ ANy, ecqii AB=7, CE=3, /ADB=uq,

13.29. /laH TpeyronbHUK ABC. V3 BepUIMHBI A TpoBeJeHa MeAuaHa
AM, a v3 BeplIMHE B —Meznana BP. MsBecTHo, uyTo yron APB paBeH
yrny BMA. Kocunyc yrna ACB paBeH 0,8 u BP = 1. Halijure miomasas
TpeyronbHuKa ABC.

13.30. B Tpeyronsuuke ABC yron ABC paseH a, yroan BCA paseH 2a.
OKpPy»KHOCTB, TIpoXoasilias depe3 TOUKH A, C ¥ LEHTP OIMCAHHOH OKO-
JIo TpeyroiasHuKka ABC OKpPY)XHOCTH, TlepeceKaeT CTOPOHY AB B Toyke M.
Haiiaure oTHOmIeHne AM Kk AB.

13.31. Touka E seXXUT Ha IPOAC/DKEHUH CTOPOHB AC PaBHOCTODPOH-
Hero TpeyroibHuKa ABC 3a Touky C. Touka K — cepeauHa oTpe3ska CE.
[Ipsimas, npoxogsaiias 4epes TOYKY A NepHneHAWKYJIApHO AB, 1 npaMasd,
TIpoXoZAllas yepes3 TOYKy E nepneHgMKy/IAapHo BC, nmepecekaloTcs B TOY-
ke D. Hafiaute yrnsl TpeyroasHrka BKD.

13.32. BHe paBHOCTOPOHHETO TpeyronbHUKa ABC, HO BHyTpH yria BAC
B3ATa ToYka M, npuuéMm ZCMA =30°, a ZBMA = . Haiiaute ZABM.

YKka3aHue. Touka M JeXUT Ha OKPYKHOCTH C LIeHTpOM B, npoxo-
Jsielt yepes Toyku A U C.
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13.33. B Tpaneuuu MNPQ (MQ || NP) yron NQM B ABa pa3a MeHblle
yrna MPN. 1sBecTHO, 4TO

NP=MP:%, MQ =12.

HaiiiuTe IWolafb TPaNelHH.
YKa3aHue Touka Q NeKUT Ha OKPYKHOCTH C HEHTPOM P, mpoxo-
JAleH yepe3 Touku M u N.

13.34. [Jlan yron, paBHbiii a. Ha ero 6uccektpyce B3ATa Touyka K; P
¥ M —mpoekuuu K Ha cropoHsl yria. Ha oTpeske PM B3fATa TOYKa A,
npuuém KA =a. [IpsAmas, mpoxoAsias yepe3 A nepneHauKyaapHo KA, ne-
peceKaeT CTOPOHHI yIvia B Toukax B u C. Halaure mromaspb TpeyrolbHH-
ka BKC.

YkazaHue BK=CK.

13.35. Ha 6uccexTpuce yria c BepuvHoi L B3sara Touka A. Toukn K
¥ M — ocHOBaH¥Ys NepIeHUKYIAPOB, OMYIIEHHBIX U3 TOYKH A Ha CTOpPO-
HH yria. Ha orpeske KM B3ATa Touka P (KP < PM), n yepe3 Heé nepnes-
AVIKYTAPHO OTpe3Ky AP mpoBeseHa NpsaMas, Nepecexamolias npamyio KL
B Touke Q (K Mexay Q u L), a npamyio ML — B Touke S. M3BecTHO, 4TO
ZKLM =a, KM =a, QS =b. Haitaute QK.

13.36. B BbITYK/IOM YeTHIPEXYTOMBHUKE ABCD mpoBeAeHH AHAroHa-
mu AC u BD. UssectHo, uro AD =2, ZABD = ZACD =90°, a paccros-
HYe MEeXAY LeHTPaMH OKPYXHOCTeH, BIIMCAHHHEIX B TPeyrolbHUKH ABD
1 ACD, paBHo v'2. Haiiaute BC.

Yxa3aHue. U3yentpos O; u O, OKPY>KHOCTEH, BIMCAHHHIX B Tpe-
yronbHUKH ABD u ACD, oTpe3ok AD BHAEH ITOJA OJHUM H TeM XKe YIJIOM.
LIeHTp OKPYKHOCTH, IpoxoAsieii Yepes Touku O,, O,, A U D, Jiexxur Ha
OIIMCAHHOW OKPY>XHOCTH 4YeTHIpEXyToabHHKa ABCD.

13.37% B TpeyronbHuKe ABC neprieHAHKYIAD, TIPOXOJALIMIA Yepes ce-
peArHy CTOpPOHH AB, mepecekaeT npamyio AC B Touke M, a nepleHu-
KyJIAp, NIPOXOAAIIMI Yepe3 cepeAiMHy CTOpoHH AC, nepecekaer NpsAMyIO
AB B Touke N. M3BecTHO, yTo MN = BC u npsamas MN neprneHavKy/IsipHa
npsmoit BC. Haiigure yrasl TpeyroasHuka ABC.

Y K a3aHHe. PaccMoTpuTe ZBa Cry4as: yroa B TymoH WiIH OCTpEIA.
Touku M, N u cepenuHul cTOpoH AB 1 AC nexar Ha OfHOH OKPY»XHOCTH.

13.38> B paBHOCTOpOHHHMI TpeyTronbHHK ABC BnmcaHa TONYOKPYK-
HOCTB C LeHTpoM O Ha cropoHe AB. Hexortopasa kacaTejbHasd K IIONY-
OKpYKHOCTH TlepecekaeT CTOpoHbl BC u AC B Toukax M u N coorBert-
CTBEHHO, a MpAMas, MPOXOAALIasA Yepe3 TOYKU KacaHMsa CTopoH BC u AC
C MOJIYOKPYKHOCTEIO, IlepecekaeT oTpe3akl OM M ON COOTBETCTBEHHO B
toukax P u Q. Haitgure PQ, ecnu MN =2.
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YKkasaHnue. Ilyctb D —TouKa KacaHHA NOJYOKPYKHOCTH CO CTO-
poHo#t BC. M3 Touek D 1 O oTpe3ok QM BHAEeH IIoJ OAHHM U TEM e

yriioM, MQ — BbICOTa TpeyroibHUKa MON, PQ = %MN .



§ 14. BcnoMmoraresbHbIe NOAOOHBIE TPEYTONIbHUKH.
PelieHne 3aZa4yM 14 U3 AHArHOCTHYECKOH paboOThI

14. Ha cTtopoHe AB TpeyronbHuka ABC oTmedeHa To4yka D, mpH4yém
ZBCD = /BAC. V3BecTHO, uTo BC =a, AC =b, AB=c. Haliaure CD.

Omeem: %. 9
P ein e H u e. TpeyroasHuku CBD n ABC
noZ0GHBI 110 ABYM yIJIaM, T. K. ZBCD = ZBAC
[0 YCUIOBHMIO, & YroJ IpM BepuiHHe B —

oOImMiA. 3HAYUT, COOTBETCTBYIOLIWE CTOPO-

Hbl 3TMX TPEeYTOJIbHUKOB IpPONOPLIMOHAIB-
Cch BC

HBI, T.€. 2= = 75 CinegoBarensHo, CD =
_BC-AC _ab 4 B D A
-~ AB T ¢’

B HekoTOpBIX, YACTO HENPOCTHIX, 3aZayax KIo4YeBad HAes COCTOUT
B OTBICKAHMH IapHl NOAOGHBIX TPEYroNbHHUKOB. Kak nMpaBuio, B OJHOM H3
TPEYTOJIbHUKOB 5TOH Maphl JH60 ecTb Ba M3BECTHBIX OTpPe3Ka, JIH60 MX
JIerKo HailTH, a B APYrOM — OAMH M3BeCTHBIN oTpe3oK. M3 cooTBeTCTBYI0-
e pONOPIMU HAXOAAT HY>XHBII OTpe30K.

Ipumep 1. B Tpaneuun ABCD MeHbIIas guaroHanb BD nepneHAuKy-
JApHa ocHOBaHUAM AD u BC, a cyMMa OCTphIX YIJIOB IIpH BepIIMHax A

¥ C paBHa 90°. OcHoBanua AD =a, BC =b. Haiiaute 60KOBble CTOPOHBI
TpanenyH.

Omeem: \/a(a+b), \/b(a—i-b) .
PemeHnue Kaxaei uz yrmos BCD u ABD B cymMe ¢ yIJIoM A
coctaBiasger 90°, nostomy £BCD = ZABD, 3Ha4uT, TpeyroabHuUku ABD

¥ DCB nogo6HbI 1o 8yM yriaM. Tora % = %
¢C b B
D a A

Ortciofa HaxoauM, uto BD =+ BC:-AD = vab. CilemoBaTeNnbHO,

CD = VBC2+BD? = /b2 +ab = \/bla+h),
AB = v/BD?+AD? = a2 +ab = \/a(a+b). <
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Ilpumep 2. K OKpPY»KHOCTAM pazHycoB r U R (r < R), Kacaloummcs
BHeLIHHM 06pa3oM, NpoBeZieHH o6lIKMe BHEIIHHE KacaTelbHble. OfHA U3
HUX KacaeTcs N1epBOM OKPYKHOCTH B TOYKe A, a BTOpoit — B Touke B. Ka-
caTe/IbHBbIE nepecekatoTcs B Touke O. Haiigure OA.

Omeem: OA= Z}Z_Jﬁ

—-r

Pem e H ¥ e. VI3 neHTpa O, IepBoH OKPYXHOCTH OITYCTHUM IlepneBay-

Kynap O,F Ha paauyc O,B BTopo# okpyxHocTH. Torga

0.F = /0,02 - 0,F? = {/(r+R)2 = (R~1)? = 2VIR.

[TpamoyronsHbie TpeyroabHUKY OAO; u O;FO, nogo6HEI, TO3TOMY

OA _GF T _R-r
OA ~ O,F’ OA ~ 2/iR’
CrnenoBaTenbpHO, OA = % ‘rrR <

INpumep 3. M3 Toukm M, snexaleii BHE OKPY)XHOCTH, IPOBEAEHBI
K 3TOH OKPYXHOCTH ABe KacaTejbHble. PacCTOAHUA OT TOYKHU C, Jexalei
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Ha OKPYXHOCTH, 0 KacaTeNbHHX paBHH a U b. HaiignTe paccTossHMe OT
TouKkH C A0 NpaAMoH AB, rae A 1 B— TOUYKM KacaHHA.

Omaeem: v ab.
Pemenwue. Ilycts P, Q, N—oCHOBaHus NePHEeHAUKYIAPOB, OIy-

L[eHHBIX U3 TOYKH C Ha npsambeie MA, MB, AB cOOTBETCTBEHHO. JIoKaxeM,
yT0o TpeyronbHUK PCN nopo6eH TpeyroasHUKY NCQ.

B~ QJ\

JlelicTBHATENBHO, OTPe30K AC BH/EH M3 ToueKk P u N moz NpAMBIM yT-
JIOM. 3HauuT, TOYKM P U N jlexxaT Ha OKPYKHOCTHU C AraMeTpoM AC.

Ananornyso Touky N ¥ Q 1e3kaT Ha OKPY)XXHOCTH ¢ auaMetpoM BC. Ilo-
atomy ZCPN = ZCAN = ZCAB, a u3 TeopeMsl! 00 yriie MeXy KacaTeJIbHOU
M XOpAo# cieayerT, yTo ZCAB = ZCBQ = ZCNQ, 3uauut, ZCPN = ZCNQ.
Ananoruuydo ZCNP =ZCQN.

P

B

3Hauut, TpeyronbHUKM PCN u NCQ mnogo6Hbl 1o asyM yriaM. Torza

% = %, noatomy CN2=CP - CQ =ab. CregoBatensHo, CN =+vab. <
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14.1. BokoBas CTOpOHA TpeYrolbHUKA pasjesieHa Ha [IATh paBHBIX 4Ya-
CTel; yepe3 TOYKH JiefleHUsl IPOBeJieH ! IIpSIMbIe, apajielbHble OCHOBA-
Hu10. Haliaure oTpe3KkH 3THX NMPAMBIX, 3aKTIOYEHHBIE MEXIy HOKOBBIMH
CTOpOHAMH, ecJIM OCHOBaHHe pasHO 20.

14.2. Touka M pacmonoxeHa Ha GoKOBoOH CTOpoHe AB Tpameuuu
ABCD, npuuéMm AM : BM = 2:1. [IpaMas, npoxoasuias yepe3 TouKy M
napaulejIbHO OCHOBaHMAM AD u BC, mepecekaeT 60KOBy10 cTopoHy CD
B Touke N. Haitaure MN, ecin AD =18, BC=6.

14.3. Ha 60KoBHIX cTOpoHax AB 1 CD Tpaneunn ABCD oTMe4YeHHI TOY-

KM M U N COOTBETCTBEHHO, IIPHYEM AM _ DN _ §_ Hafiaure MN, eciu

MB  NC ™ 2
BC=awu AD=b.

14.4. Ha auaronansx AC u BD tpanenuu ABCD B3ATH COOTBETCTBEH-
HO TOYKH M U N, npuuéM AM : MC = DN : NB=1:4. Haiiaute MN, eciu
ocHoBaHuA AD =a, BC=b, (a>b).

14.5. B mpsAMOYTO/MbHBIN TPeyroJbHUK ¢ KaTeTaMH 6 U 8, BriMcaH KBajA-
parT, MIMEIOLINH C TPeyroJIbHUKOM o6LIMi paMoii yron. HalguTe cTopoHy
KBaJipaTa.

14.6. B nmpamMoyronbHOM TpeyroibHuke ABC kaTeT AB paBeH 21, a ka-
TeT BC paBeH 28. OKPY>XHOCTb, LIeHTp O KOTOPOH JIeXXUT Ha TMIIOTeHy3e
AC, xacaeTcs oboux kaTeToB. HaliauTe paguyc OKpy>XHOCTH.

14.7. Touka M nexuT Ha 60K0BOM cTopoHe AC paBHO6epeHHOro Tpe-
yroapHHKa ABC ¢ ocHoBaHHeM BC, npuuéMm BM = BC. Haiaure MC, eciu
BC=1uAB=2.

14.8. Touka D nexut Ha cTOpoHe AC TpeyronbHHMKa ABC, mpuyém
ZABD = /BCA. Haitaure otpesxu AD u DC, ecii AB=2 1 AC=4.

14.9. /IluaroHany BHIIYKJIOrQ YeTHpEXyroibHUKa ABCD paBHbl 12 1 18
¥ niepeceKkaioTca B Touke O, HalguTe CTOPOHB YeTHIPEXYTONBHHUKA C Bep-
IIMHAMH B TOYKax NepecedeHUs MeauaH TpeyroabHukoB AOB, BOC, COD
u AOD.

TpeHUpOBOYHBIE 3aja4H

14.10. B kpyre nposefeHHl ABe xopAbni AB u CD, nepecexkawoluyecs
B Touke M; K —Touka nepecedyeHusi 6HccekTpHUch yrna BMD ¢ xopaoi
BD. HailanTte orpesku BK u KD, eciin BD = 3, a IUI01L2AHN TPeYTONBHAKOB
CMB n AMD oTtHocATcd Kax 1: 4.
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14.11. B npaMOYToNbHOM Tpaneny OCHOBaHUsA paBHHI 17 1 25, a 601b-
urasg 6okoBad cTopoHa paBHa 10. Yepea cepeauHy M 3TOH CTOPOHH IIPO-
Be/IEH K Hell MepneHANKYIAp, NepeceKaloliid Mpofo/DKeHHe BTOpor 60-
KOBO¥ CTOpPOHHI B Touke P. Haimute MP.

14.12. B Tpaneuuu ABCD gaHbl ocHOBaHUA AD =12 u BC = 8. Ha nipo-
JloJbKeHUM cTopoHH BC oTnoxeH oTpesok CM = 2,4. B kKaKoM OTHOIIEHUH
npaMas AM genur mwiomaae Tpanenud ABCD?

14.13. Yepe3 TOUKy IlepecedeHUs ZUaroHajeil Tpaneuuu IIpoBejeHA
MpAMast, Napa/UlelbHas OCHOBaHuAM. HaliauTe UIMHY OoTpe3Ka 3TOH Nps-
MOH, 3aKIIOYEHHOTO BHYTPH TPAIlelMH, €C/I OCHOBAHUSA TPAIElVH PaB-
HHl a U b.

14.14. B yron BIMcaHbl KacalomMecs BHEIIHUM 00pa3oM OKPY>XHOCTH
paguycoB r M R (r <R). IlepBasd 13 HMX KacaeTcsa CTOPOH YIJIa B TOYKax A
M B. Havigute AB.

14.15. OcHoBaHusA Tpanenyy paBHH a U b. [Ipsamas, napasienbHas oc-
HOBaHMsAM, pa3brBaeT Tpaleuyio Ha JBe Tpaleuuy, IVIOMAAX KOTOPBIX
oTHocATeA Kak 2: 3. HailauTe JAIMHY OTpe3Ka 5TOH NpAMOM, 3aKTo4éH-
HOT'O BHYTPH TpalleLiH.

14.16. Oxon0 OKPYXXHOCTH OIMcaHa paBHoGeZpeHHas Tpanenus. bo-
KOBasA CTOPOHA TPaleLUM paBHA 4, OTPE30K, COSAUHAIOMMI TOYKH Kaca-
HUs GOKOBBIX CTOPOH C OKPYXHOCTBIO, paBeH 1. HaliiuTe fuaMeTp OKpyX-
HOCTH.

14.17. B HeKOTOpHIN yroj BIIHMCAHA OKPYXHOCTL paauyca 5. Xopzaa,
coeAMHAIONAA TOYKM KacaHusd, paBHa 8. K OKDYXHOCTH TIPOBEAEHEHI ABe
KacaTeJlbHBle, Tapajule/lbHble XopZe. HalizxTe CTOPOHH NOMy4eHHOH Tpa-
TIeLHH.

14.18. PacctoaHue OT HeHTpa O OKPYKHOCTH, ONMCAHHON OKOMO Tpe-
yroapHuka ABC, go croponn BC pasHo 1. Hailaure paccTosHHe OT TOYKH
IepeceyeHunus BbICOT A0 BEPIUINHBI A.

14.19. Yepes Touxy C npoBefieHsl iBe IPSMEIe, Kacaloliiecsa 3aJaHHOM
OKPY>XHOCTH B TOYKax A u B. Ha Gonbluen u3 ayr AB B3aTa Touka D, pia

kKotopoi CD =2 u sin ZACD -sin /BCD = % Haiizure paccrosHue OT ToY-
ku D po xopaw1 AB.

14.20. B tpamenuu ABCD ocHoBaHue AB = a, ocHoBanue CD = b
(a < b). OxpyxHOCTb, NpOXOAAIIan Yepe3 BepiIMHH A, B 1 C, KacaeTrca
cropoHH AD. Haitgure guaronans AC.

14.21. Toyka nepecedyeHus MeluaH TpeyronbHuUKa ABC, BepiinHa A

M cepeAuHul cTopoH AB u AC nexar Ha ofHOHN okpyxHocTH. Hallgure
MeJuaHy, IpOBEeEHHYIO U3 BepIIUHH A, eciu BC =a.
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14.22. /13 BepIIMHH TYTIOrO yIia A Tpeyro/ibHUKa ABC oIlyllleHa BhCO-
T1a AD. [TpoBesieHa OKPYXHOCTD C LIEHTPOM B TO4YKe D pagnycoM, paBHBIM
AD. OHa nepecekaeT CTOpOHHI TpeyroabHuka AB 1 AC B Toukax M u N co-
oTBeTCTBeHHO. HailzuTe ctopony AC, et M3BeCTHO, uTo AB=c, AM =m
n AN =n.

14.23. B TpeyronbHMKe ABC yroa C — Tymno#, D — To4ka nepeceyeHus
npaMoH DB, neprneHAUKYIApHOH K AB, ¥ ipaMoit DC, nepneHANKY/IAPHOK
K AC. BricoTa TpeyronsHuka ADC, npoBeA€HHas U3 BepiunHb C, iepece-
kaeT AB B Touke M. M3BecTHO, uTo AM =a, MB =b. Haiaure AC.

14.24. Yepe3 LIEHTP OKPY)KHOCTH, ONMHCAHHON OKOJO TPEYyroJbHHUKA
ABC, nipoBezieHH npAMbIe, IeplIeHAMKYAAPHBIe cTopoHaM AC u BC, Ot
NpAMEBIe mepeceKalT BhicoTy CH TpeyroibHHKAa WIH e€ IpoJoJDKeHHe
B Toukax P u Q. MU3BectHo, yTo CP = p, CQ =q. Haiiaute pagnyc oKpyx-
HOCTH, OITMCAHHON OKOMO TpeyroabHHKa ABC.

14.25. Yepe3s 1ieHTp O OKPYKHOCTH, OITUCAHHOH BOKPYT OCTPOYTONLHO-
ro TpeyroibHuka ABC, npoBefeHa npaMas, ieprneHANKyIApHas BO u ne-
pecekarolas oTpe3ok AB B Touke P M npogomkeHHe otpe3ka BC 3a Toy-
Ky C B Touke Q. Haitaure BP, eciii u3BecTHO, utro AB=¢, BC=aun BQ=p.

14.26. YeTbipéxyroabHUK ABCD BIMcaH B OKPYKHOCTb. JluaroHans AC
ApgeTcA O6uccekTpucoR ymia BAD M nepecekaeTcA ¢ guWaroHaabio BD
B Touke K. Hatiaure KC, eciu BC =4, a AK =6.

14.27. IpogosnxeHre MeAHaHbl TpeyroibHUKa ABC, npoBeAE€HHON U3
BEPIIMHH A, NIepeceKaeT OIMCAHHYI0 OKOJO TpeyroibHHKa ABC OKpyX-
HOCTB B Touke D. Hailaure BC, ecyin AC=DC=1.

14.28. Paguyc OKpPYXHOCTH, ONMMCAHHOM OKOJIO TpeyroabHUKa KLM,
paBeH R. Yepe3 BepmMHy L mnpoBeZeHa NpsMas, IepHeHAUKY/IApHas
cropore KM. DTy IpsAMYIO NlepecekaloT B TOUKax A ¥ B cepefUHHEIe niep-
NeHAUKYAAPH K cTopoHaM KL v LM. U3BecTHO, yro AL =a. Haliaure BL.

14.29. B OKpy»XHOCTH IpoBeAeHEHl AuameTp MN u xopzaa AB, mapai-
NenbHas AruaMeTpy MN. KacarenbHas K OKPY)XHOCTH B Todke M mepece-
KaeT 1psaMble NA 1 NB cOOTBeTCTBEHHO B Toukax P u Q. M3BecTHo, 4TO
MP =p, MQ =q. Haliaute MN.

14.30. B Tpaneuun ABCD c ocHoBaHusMH AD u BC guaroHanu AC
U BD nepecekarorca B Touke E. Boxpyr TpeyronbHMka ECB onucaHa
OKPYKHOCTB, 2 KACaTeJIbHasl K 3TOM OKPYXXHOCTH, IpOBeJIEHHadA B TOYKe E,
nepecekaet npsiMyto AD B Touke F Takum o6pa3oM, 4To TOYKH A, DU F
JIeXaT [Toc/IeA0BaTENbHO Ha 3TOH IpaMoit, MaBecTHo, 9yTo AF =a, AD=b.
Haitaure EF.

Yka3aHue. TpeyronbHuku AEF u EDF nogo6HBI.



114 § 14. BcioMoraresbHele HOZOGHEIE TPEYTOMbHUKA

14.31* bokoBas cTopoHa AB Tparnenyd ABCD nieplieHAMKY/IAPHA OCHO-
BaHusaM AD u BC. Ilpamas, nepneHAUKy/AApHasA cTopoHe CD, nepecekaer
cropoHy AB B Touke M, a cropoHy CD — B Touke N. M3BeCTHO Taioke,
yro MC =a, BN =b, a paccrosiHre ot Todku D po npsamoi MC pasHo c.
HaiauTte paccTosHHe OT TOYKU A AO IpAMON BN.

YxaszaHue. Ilycte AK U DL — BHICOTH TpeyroibHUKOB ABN U
DCM. C noMomprd MeTOo[ja BCIIOMOTATeNbHOW OKPY)KHOCTH JOKaXUTe
nofiobMe 3TUX TPEYTONBHHUKOB.

14.32* B TpeyronibHUK ABC co cTopoHaMu AB =6, BC =5, AC =7 BIH-
CaH KBaJparT, /iBe BEPIIMHEI KOTOPOTO JI&XKAT Ha CTOpoHe AC, 0OHA Ha CTO-
poHe AB 1 ogHa Ha ctopoHe BC. Yepe3 cepeauHy D ctopoHu AC Y LIEHTp
KBaJipaTa NpoBeZieHa IpsiMasi, KOTopas IlepecekaeTcs ¢ BhcoToit BH Tpe-
yrosbHuKa ABC B Touke M. Haizure wiomagb Tpeyroiasauka DMC.

YkasaHue Touka M —cepeauHa BbicoTH BH.

14.33* /IBe OKpY>XHOCTH KacaloTcs ApYyT Apyra BHYTpeHHUM o6pa3oM
B Touke A. Xopza BC B Gonblieil OKPY)XKHOCTH KacaeTcst MeHbIIei B TOY-
ke D. [IpamMas AD BTOpPUYHO mnepecekaeT HONBIIYIO OKPYXHOCTb B TOY-
ke M. Haitture MB, eciin MA=gq, MD =b.

Yxka3saHue. AM — 6uccekrpuca yrna BAC, TpeyronisHUKN ABM U
BDM 1mofoGHEL

14.34* [IatuyroneHuk ABCDE BriucaH B OKpPYXHOCTb. PaccTosHus oT
Touku A no npamux BC, DC u DE paBHH COOTBETCTBEHHO 4, b u c. Haii-
AVITE pacCTOAHUE OT BEPUIMHEI A o npAaMoi BE.

YkasaH#une. Ilycts Touku K, L, M ¥ N — oCHOBaHUs NepHEHANKY-
JIAPOB, ONYIIeHHBIX U3 BeplIMHB A Ha npaMeie BC, DC, DE u BE cooTBeT-
ctBeHHO. TpeyronbHuxu AKL u ANM nogo6GHBbL.
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HX IlepecedyeHu .
Pemenue 3aza4M 15 U3 guardocTuyeckoit paboTst

15. Yriel npy BepmmHax A u C TpeyronbHuka ABC paBHB 45° u 60°

cooTBeTcTBeHHO; AM, BN u CK — BrIcOTH Tpeyronsuuka. Haiigure or-
MN
HOILIEHHE Zr.
V3

Omeem: T .

Pe 1w e H U e. M3 NIpaMOYronbHBIX TpeyronbHUKoB BNC 1 AMC Haxo-
AWM, 9TO

CN = BCcos60° = 2BC, CM = ACcos60° = 3AC,

MO3TOMY
1
ev _ 2% _Bc
cM ~ 1, AC’
2

3HauuTt, TpeyrosbHUK CMN nopo6eH TpeyroJbHUKY CAB 1o AByM CTOpO-

HaM M yI/Iy MexZy HUMH (yron C — obumwit), npuyéM Koa¢p$HIUEHT I1o-

Aobust paBeH v l. CrnepoBatensbHo, MN = %AB.

AC ~ 2
AHaNOTrMYHO MMOJIYYHM, YTO TpeYyTOIbHHK AKN nogo6eH TpeyrolbHHUKY
ACB, npruém koadpduimeHT nogobus papeH ‘/TE 3HauMT, KN = ‘/TEBC .

ITo TeopeMe CHHYCOB

AB _ sin60° _ v3 V2 _ V3

CiegoBaTenbHO,

v _ 2" /3 aB_ 2,
KN ~ /3 2 'BC~ 2
5
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* K K

M3BeCTHO, YTO CepeAUHHEIE IEPIIEHAUKY/SAPEL K CTOPOHAM TpPeyrosb-
HMKA IlepeceKaloTcs B OFHOM Touke. OTCI04a MOXKHO BHIBECTH, YTO Ips-
MBble, Ha KOTOPBIX JIEXAT BBICOTHI TPEYTOJbHHKA, TAKKe IepeceKarTCs
B OZHOI TOYKe. TO MOXHO CAeaTh TakK. Yepe3 BepIIMHH JAHHOTO Tpe-
yroJAbHUKA INpOBEAEM TMpsAMble, NapasulelbHble NPOTUBOJIEXAIIUM CTO-
poHaM. PaccMOTpHM TpeyroJIbHUK ¢ BepIIMHAMU B TOYKAX IlepeceveHus
NIPOBEAEHHBIX NPAMBIX. BBICOTBI MCXOJHOI'O TPEYroJbHUKA JIEXaT Ha ce-
PEAMHHBIX IeplleHAMKY/IsIpax MMoCTpoeHHoro. [ToaToMy coaepxaline MX
TIpAMBIe NTepeceKaloTCsl B OMHOH TOUKe.

OTMeTHM HeKOTOphle BaXXHBIe CBOMCTBA BEICOT ¥ TOYKH HX Iepeceye-
HUA — OPTOLEHTpa TpeyroabHuKa (AA;, BB, U CC; — BBICOTbHI HEIPAMO-
yroJbHOro TpeyroisHuka ABC, H — OpTOLEHTD TPeYTOAbHYKA).

1) Touxku B, C, B; u C; nexaT Ha OHOW OKPYXHOCTH, Npr4éM BC — eé
AviaMeTp.

2) TpeyronsHuk ABB; noao6eH TpeyrombHUKy ACC,.

3) ZAB,C,=ZABC.

4) TpeyronbHUK AB;C; nopo6eH TpeyroibHUKY ABC, npuuéMm koaddu-
LMeHT NoJ00uA paBeH |cos ZA|.

5) PaccrosiHve ot To4kM H 10 BepIIMHBI TPEYTOIbHHKA BABOe OoJiblie
paccTosHUA OT LeHTpa O ONMUCaHHOR OKPY)KHOCTH A0 CTOPOHBI, IPOTHBO-
MIOJIOXKHOH 3TOH BepUIMHE.

6) ZBAH =ZCAO.

7) OA 1 B,C;.

8) Touky, CUMMeTpHUYHEIE OPTOLLEHTPY H OTHOCUTENBHO CTOPOH Tpe-
YTOJIBHHUKA, JIEXAT Ha OITMCAHHOH OKPY)KHOCTH TPEYTOJIbHHKA.

JlokaxeM 3TH CBOMCTBa AJji1 OCTPOYT'OJLHOI'O TpeyroibHUKa. C HeKo-
TOPEIMHM HECYIleCTBEHHBIMH H3MEHEHUSIMH 3TO J0Ka3aTellbCTBO I'OAWUTCH
M JJ1A TYIIOYyTOJIBHOTO.

JoxasaTenbCTBo. PaCCMOTPHUM OCTPOYTOJbHBI TpeyTonbHUK
ABC. U3 Toyek B; M C, cropoHa BC BHUJHA NOA NPSMBIM YITIOM, 3HAYMT,
9TH TOYKH JIe)aT Ha OKPYXHOCTH ¢ guaMeTpom BC.
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[psiMOyro/bHBIE TPEYTOJBHUKH ABB; 1 ACC; No/Io6HBI 110 ZIBYM YIVIAM.
[TporuBononcxkusie yriasl CBC; 1 CB;C; BIIHCAaHHOIO YETHIPEXYTOIb-
Huka BC,B,C B cymMe cocrapaawor 180°, nostomy

£ABC = /C,BC = 180° — ZCB,C, = ZAB,C,.

TpeyronsHuk AB{C; mogobeH TpeyrompHuky ABC mo ABYM yriam.
MMycts k — KoaddunrenT noaobus. Toraa

AC
= A_Cl = cos ZBAB, = cos ZBAC

(AC; m AC — COOTBETCTBYIOIME CTOPOHBI NOAOOGHBIX TPEYrOAbHHUKOB
ABC; u ABC, T. K. OHM JIeXXaT IPOTHUB PABHEIX YIVIOB, a A_Cl — OTHOLUEHME
npwiexaniero K yrimy CAC,; KaTeTa K TUIIOTEHY3€ B IPSMOYT'QJIBHOM
TpeyroasHuke ACC;).

[epnenguxymapel OM u ON, onyieHHble U3 neHTpa O onUcaHHOM

OKPY>KHOCTH Ha CTOPOHHI COOTBETCTBEHHO BC M AC, NpOX0AAT 4epes ce-
peAuHsl 3TuX cTopoH. Toraa MN — cpeaHsasa MMHUA TpeyroabHUKa ABC.
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3naunt, MN || AB u MN = 3AB, a T.x. OM L BC u AH L BC, 10
OM || AH. Ananornyso, ON || BH. TpeyronsHuk AHB nofo6eH Tpeyroib-

HHKY MON 110 ZByM yTJ1aM, IPUYEM KO3PPHULIMEHT TTOR0OUA A’}—f’ paBeH 2.
CinepoBarenbHo, AH =20M.

Bw’ C
p Q

Ilycte myun AA; ¥ AO mepeceKkaloT OIVCAHHYIO OKPYXHOCTbL B TOY-
Kax P u Q cootBeTcTBeHHO. Toraa ZAPQ =90°, TOCKOABKY TOYKA P JexRUT
Ha OKpPYXHOCTH ¢ gruaMmeTpoM AQ. Xopael PQ 1 BC napa/uie/bHH, T. K. OHA
NepreHAUKY/IADHBI OAHON M TOH e NpAMOUN AP, 3HAUMT, 3aKIIOYEHHbIE
Mexxy HUMH ayru CQ v BP paBHel. Toraa paBHH ¥ ONHparoiyecs Ha 3TH
Ayry BucaHHble Yriasl CAQ u BAP. CnepnoBarenbHo, ZBAH = ZCAO.

Ha kacaTe/bHOH K OIIMCAHHON OKPYXXHOCTH TpeyrosibHHKa ABC, mpo-
BeIéHHOHU uepe3 TOYKY A, OTMETHM Takyio Todky K, uro Touku K u B
JIEXAT I10 pa3Hble CTOPOHEI OT npsMoit AC. U3 Teopemsl 06 yrite MeXIy Ka-
caTeJIbHOM ¥ XopAoH crexyer, uto ZKAC = ZABC. [o paHee foKa3aHHOMY
ZABC = /AB,C,, 31auur, ZKAC = ZAB,C,. CneaosatensHo, AK || B;C;,
a mockonbKy OA L AK, nomydaem OA L B,C;.
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3aMeTuM, yT0 £BHC = /B,HC; = 180° — ZBAC. IlycTb P, — TOUKa,
CUMMETpPHYHasA OpTOLeHTpY H oTHocHTenbHO npamoit BC. Torga ZBP,C =
= /BHC, nostomy /BP,C = /BHC = 180° — ZBAC. 3Ha4uT, 4eTbIpéX-
yronsHUK ABP,;C — BnucaHHbii. Toraa Touka P; 7e)XMT Ha ONMCaHHOH
OKDY)XHOCTH TpeyrosbHuka ABC, a 3Ha4YHT, coBNazaeT ¢ TOYKOH P. Uto
U TpeboBasioch A0OKa3aTh. O

[Ipumep 1. B ocTpoyronbHOM TpeyrofbHuke ABC W3 BepiMH A ¥ C
omyieHs! BHICOTEL AP ¥ CQ Ha cTtopoHH BC ¥ AB. M3BeCTHO, YTO ILIO-
maae TpeyroibHuKa ABC paBHa 18, Iuomaze TpeyroisHuKa BPQ papHa 2,
a PQ =2+/2. HaliguTe paanyc OKPyXKHOCTH, OITMCAHHOMK OKOJIO TPEeyroJb-
Huka ABC.

Omeem: %

Pew e H ue. TpeyronbHuku BPQ v BAC nozgob6Hb! 1o ABYM yIJIaM.

" 2
HOCKOJIbe OTHOLIE€HHWE UX IUTOIaJEeN PABHO

=9 T ko3¢ unueHT no-

AO6MSA paBeH % 3HauuT, AC =3PQ =6V2.

C apyroii cropoHhl, kKo3dduuneHT nogobust paBex Bp =cos £B. Ilo-

AB
3TOMYy COS LB = % Torpa sinZB = ﬂ Ecin R — paguyc OMMCaHHOH

OKPY>XHOCTH TpeyroJsHUKa ABC, To 1o TeopeMe CUHYCOB
AC 2V2Y _ 9
R:2sinéB=6ﬁ:(2'T -2 <

[IpuMep 2. OTpesky, COEAMHAIOIINE OCHOBAHUA BBICOT OCTPOYTOJIb-
HOT'O TPeyroJbHHKa, 06pasyloT NpAMOYTObHEINA TPEYTOJIBHUK C TUIIOTe-
Hy30i1, paBHo# 10. HaliaiuTe pasguyc OKpy»XHOCTH, OIMCAaHHON OKOJIO HC-
XOJHOTO TPEeYrOJAbHMKA.

Omaem: 10.

PemeHue. IlycTb H—Touka nepecedyeHus BhICOT AA;, BB, CC,
TpeyronsHuka ABC, ZA,C,B; =90°, A;B; =10; A,, B,, C, — ToukH TIe-
peceueHHs IPOAO/DKEeHHH BHICOT COOTBETCTBEHHO AA,, BB, CC; C OKpYX-
HOCTBIO, OTTMCAHHOM OKOJIO TpeyrojbHukKa ABC.
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Torzna A, By, C; — cepearHbl oTpe3koB HA,, HB,, HC,. 3HauuT, A; B,
B,Cy, A;Cy; —cpeaHue JUHHM TPEYroJbHUKOB A,HB,, B,HC,, A,HC,,
II03TOMY CTOPOHB! TPEYTOJIbHUKA A,B,C, COOTBETCTBEHHO NapajlJIeIbHEL
CTOpPOHaM TpeyroibHHKa A;B,C,, npuuém A,B, =2A,B,, A,C, =2A,C,,
B,C,=2B,C;. CegoBaTejbHO, TPeYTOAbHUK A,B,C, Tarxe IIpAMOYTO/Ib-
HBIii, a ero ruIoTeHy3a A, B, BaABoe Ooibllte A, B, T. e. paBHa 20. Creno-
BaTe/NbHO, paJgHyC OKPY>KHOCTH, OITUCAHHOH OKOJIO TpeYTOAbHHKA A,B,C,
(a 3HA4MT, K OKOJIO TpeyroabHuKa ABC), paseH 10. <

IMpumep 3. B ocTpoyronbHOM TpeyroabHHke ABC npoBeAeHbI BHICOTH
AM ¥ CN, O — 1leHTp OIUCAHHOH OKOJO TPeyToNbHUKA ABC OKpY:KHOCTH.
HaBecTHO, yTo ZABC = f3, a Iowaap YeTeIpEXyroabHruKa NOMB paBHa S.
Haiaure AC.

Omaem: 2,/5tgf.
Peme B ue. Ilycte OB =R — paguyc onucaHHON OKPYXHOCTH Tpe-

yronabHuka ABC. Torsa OB L MN u OB=R= Z:}gﬁ .
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CiiefoBaTeIbHO,

S =3MN-0B = 2ACcosf-

Otciona HaxoauM, yto AC=24/5tgf.

AC
2sinf

= %AC2 ctg B.
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15.1. CTOpoHa TpeyroJbHUKA paBHA v/2, yIJIbl, IpUIEKAIIME K Hei,
paBHul 75° u 60°. HaiiguTe oTpe3ok, cOefNHAIOLMI OCHOBAHMA BBICOT,
MPOBEAEHHBIX U3 BEPIIVH 3THX YTJIOB.

15.2. Ha cropoHe BC TpeyronbHHKa ABC Kak Ha fuaMeTpe MoCTpoeHa
OKPYXXHOCTB, Ilepecekawias ctopoHsl AB u AC B Toukax M u N. Hali-
[VTe IUIOaAb TpeyroabHHMKa AMN, eciu mwiowais TpeyroibHuka ABC
paBHa S, a yroi BAC paseH a.

15.3. Touka M, nexalnad BHe Kpyra ¢ AuaMeTpoM AB, coejuHeHa
¢ ToukaMu A ¥ B. OTpe3sku MA 1 MB nepecekarOT OKPY>KHOCTb B TO4kax C
u D cooTBeTcTBeHHo. [Lnomaab Kpyra, BIIMCAHHOTO B TPEYTOILHHK AMB,
B YeThipe pa3a 6ojblile, YeM IUIOLIaAbL Kpyra, BMMCAHHOTO B TPEYTOJb-
HHUK CMD. HaliguTe yI/el TpeyroibHHKa AMB, eC/M U3BECTHO, YTO OAMH
Y3 HHX B /iBa pa3a 6GoJblile ApYyroro.

15.4. Otpesok AB— guaMeTp OKDY)XHOCTH, a To4ka C JIeXXWUT BHe
OKpy#HOCTH. OTpe3kn AC U BC mnepeceKaloTcs ¢ OKPY:KHOCTBIO B TOY-
kax D u M coorBeTcTBeHHO. Hailaure yron CBD, ewmd IuomaiaH Tpe-
yroabHUKOB DCM u ABC oTHocATes Kak 1: 4,

15.5. B TpeyronbHuke ABC Ha cpeaHeit nuHny DE, napaiieibHol AB,
KaK Ha AuaMeTpe NOCTpOeHAa OKPY)XHOCTb, NlepeceKaolas CTOpOHb AC
H BC B Toukax M u N. Haitaute MN, eciu BC=a, AC=b, AB=c.

15.6. B Tpeyronpunke ABC u3BecTHo, uTo AB=c, BC=a, ZABC=120°.
HaiauTre paccTosiHMe MeXAY OCHOBAHHAMH BBICOT, IPOBEAEHHBIX M3 Bep-
uH A u C.

15.7. B TpeyroabHuke ABC npoBeeHbl BhICOTH AD U CE. Hadiaute AC,

- —_p DE _
ectn BC=a, AB=b, Ac_k'

15.8. Beicotti BM 1 CN ocCTpoyrosibHoro HepaBHOGeApeHHOTO Tpe-
yronbHUKa ABC mnepecexatorca B Toyke H. CropoHy BC IIpOJO/DKWIN
[0 mepeceyeHusa C mNpAMoM MN B Touke K. CKOMBKO map MHOAOGHBIX
TPEYTO/IbHMKOB IIPH 3TOM NOMYYHIOCh?

TpeHHMpOBOYHEIE 3aJa4YH

15.9. B ocTpoyronsHoM TpeyronbHuke ABC c yriom C, paBHeIM 30°,
BBICOTHl NepeceKaloTcss B Todke M. Haliure 1uomaap TpeyroabHHKa
AMB, eciu paccTOfHHE OT LIEHTPA OKPYKHOCTH, OIIMCAHHON OKOIO Tpe-
V3

yronpHrka ABC, 0 cTopoH BC 1 AC COOTBETCTBEHHO PaBHbl v2 U 3
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15.10. B TpeyronsHuke ABC 1poBeZieHsl BRICOTH BM 4 CN, O — UeHTp
BIIMCAHHOHU OKpyxHOCTH. M3BecTHO, yto BC =24, MN = 12, Hatigure pa-
AVYC OKPY?KHOCTH, OIIMCAHHON OK0/Oo TpeyroiasHuka BOC.

15.11. Beicotsl TpeyronbHuka ABC nepecekarorcs B Touke H. U3BecT-
HO 4TO OoTpe3oK CH paBeH paAMycCy OKPYKHOCTH, OIIMCAaHHON OKOJIO Tpe-
yronbHuka. Haiaure yron ACB.

15.12. BeicoTs! TpeyroapHuka ABC nepecekaloTcs B Touke H. MapecT-
Ho, utro CH = AB. Haiiaure yron ACB.

15.13. B TpeyroabHuKe ABC u3BecTHO, uTo AB=2, AC =5, BC = 6.
Haligure paccrofAHue OT BEPLUIMHEL B A0 TOYKH NepeceyeHuAa BLICOT.

15.14. Ha cropoHe AB TpeyroabHuKa ABC KakK Ha JuaMeTpe IOCTPoeHa
OKPYXHOCTB, nepecekatomas cTopoHsl AC u BC B Toukax D u E cooTBeT-
cTBeHHo. [Ipamas DE fesuT Iiowazib TpeyroJbHHKA MomoiaM 1 obpasyer
c npaMoit AB yron 15°. HaiiguTte yriul TpeyronbHuka ABC.

15.15. B ocTpoyroibHOM TpeyronibHuke ABC npoBeaeHH BHICOTH CM
U AN. HM3BecTHO, uTOo AC =2, a wiowab Kpyra, OlIMCAaHHOT'0 OKOAO Tpe-

yrosbHuKa MBN, paBHa % HaiiauTe yrosn Mexay Breicotoit CM u cTopo-
Hoil BC.

15.16. B ocTpoyroianLHOM TpeyroiabHUKe ABC U3 BepuIvH A ¥ C Ha CTO-
poHEI BC 1 AB omynieHH BeICOTHI AP 1 CQ. Haligure cropoHy AC, ecu
H3BECTHO, YTO IlepyMeTp TpeyronbHuka ABC paBeH 15, nmepuMeTp Tpe-
yronsHuKa BPQ paBeH 9, a paguyc OKpy»KHOCTH, OITMCAHHOM OKOJIO Tpe-

yroisHuKa BPQ, paBeH %

15.17. OTpe3kH, coefWHAIOIMME OCHOBAHMA BBICOT OCTPOYTOABHOTO
TpeyrojiibHuKa, paBHH 5, 12 u 13. Haiigure paguyc OIMCAaHHOM OKOJIO
TPeYTO/JbHUKA OKPY>KHOCTH.

YxkasaHHe. [IpoaMTe BHICOTEH TPeYroJbHHMKA A0 IepeceyeHus
C OIIMCAHHOH OKPYXHOCTEIO. [10ydnTCs TpeyroabHUK, Nog06HbIH JaHHO-
My ¢ KoagduieHTOM 2.

15.18. Otpesku, COeAVHAIOIIME OCHOBAaHUS BEICOT OCTPOYTOABLHOIO
TpeyroibHUKA, paBHHI 8, 15 u 17. HalauTe IU0IaAb TpeyTONbHHKA.

15.19. INpogomxkenus BeicoT AM 1 CN oCcTpOyrojlbHOTO TPeyrobHHKa
ABC mnepeceKaloT OIIMCAaHHYIO OKOJIO HErO OKPYXXHOCTB B Toukax P u Q.

" o 6a
Havaure paauyc onucaHHOM OKpYKHOCTH, ecii AC =a, PQ = T

Ykas3aHHUe. [lycte H—Touka nepeceyeHUA BLHICOT TPEYTObHHUKA
ABC. Toria M — cepeaguHa HP, N — cepeavHa HQ, a TpeyronsHUK BMN
nogo6eH TpeyroasHUKY BAC ¢ koaddunmenToM cos ZB.
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15.20. B ocrpoyronsHOM TpeyronbHUKe PQR (PQ > QR) mpoBeAeHBI
BeicoTel PT 1 RS; QN — quaMeTp OKPYKHOCTH, OIIMCAHHOW OKOJIO Tpe-
yroneHuka PQR. M3BecTHO, 4TO OCTphilt yroa MexAy Beicotamu PT u RS
paBeH a, PR=a. Haiigute mwomaas yeTsipéxyronpauka NSQT.

¥Yxaszauume. QN L ST.

15.21* B TpeyronsHuKe ABC npoBeZeHH BricoTa AH, paBHas h, Meana-
Ha AM, paBHasa m, u 6uccexkrpuca AN. Touka N — cepeguna orpeska MH.
Ha¥izure paccTosiHWe OT BEPIIWHE A /10 TOMKH NepeceydeHus BEICOT Tpe-
yroneHuKa ABC.

Yxkaszauwue Ilycte F—ToO4Yka nepece4eHHA BHICOT, O — LIEHTP
ONMCAHHOH OKPY>XHOCTH TPeyroabHuKa ABC, N, — ToYKa mepeceyeHHs
C 9TOHM OKPY»KHOCTBIO Npopo/pKeHuA 6uccekTpuch AN. Toraa AF =20M,
N — cepeauna AN,, a TpeyronbHUK ONN| IpAMOYTOIbHHIA.



IunarHocrudyeckas pabora 1

1. Okono TpeyroipHHKa co cropoHaMH 6, 8 u 10 ommcaHa OKpyX-
HocTh S. Haiire MakcuManbHBIA paflyC OKPY>KHOCTH, Kacalollehcs
MeHbIIIEN CTOPOHBI TPEYTOJbHHUKA B €€ cepeJHe U OKPY)XHOCTH S.

2. [laH TpeyToJIbHUK O cTopoHaMHU AB = BC =17, AC = 30. Haiigure
0611yI0 X0pAYy OKpyXHocTel ¢ zuaMeTpaMu AB n AC.

3. B BrIyKIOM 4eTHIpéxyronsHuke ABCD uaBecTHo, yTo ZCBD =58°,
ZABD =44°, LADC =78°. Hatigure yron CAD.

4. OKpYXHOCTb KacaeTcs cTOpoH AB u AD npamoyronbHuka ABCD
M nepecekaer cTopoHy DC B eguHCTBeHHOH Touke F, a cTopoHy BC —
B eAMHCTBeHHOH Touke E. Haiaunre mnomaze Tpanmeunu AFCB, ecan
AB=32, AD=40u BE=1.

5. B Tpeyronburke ABC mposepeHbl BricoTel AA,, BB, n CC;. U3-
BeCTHO, 4T0 £ZBAC =120° u AA, = 6. HalianTe BLICOTY AP TpeyroJbHHKa
AB,C;.

6. LIeHTp OKPY)>XHOCTH, BIIMCAHHON B YETBIPEXYTOJILHUK, JIEXXUT Ha €Tro
JWaroHay M, paBHOH 5. M3BeCcTHO, YTO NlepHMETp YeTbIPEXYTOAbHMAKA pa-
BeH 14, a romaap paBHa 12. HaiiauTe BTOPYIO AMaroHalb ¥ CTOPOHBI Ye-
THIPEXYTOJbHHUKA.



JuarHocTu4eckas pabora 2

1. [IBe CTOPOHE! TpeyroabHUKa paBHE 10 ¥ 12, a MeaMaHa, IpoBeJEH-
Hasl K TpeTbeil CTOPOHe, paBHa 5. HaliinTe TpeThio CTOPOHY Y IUIOLIAAb
TPEYrOJIBHHKA.

2. OkpyxHocTH C UeHTpaMd O; M O, KacaloTcsi BHeIIHUM o6pa-
3oM. KpoMe Toro, oGe 3TH OKPYKHOCTH KacaloTcsi BHYTPeHHHUM o6pa3oM
OKpYKHOCTH paguyca R c uenrpom O. Haliaure nepumMeTp TpeyronbHHKa
00,0,.

3. Touku D u E pacronoxeHsl Ha cTopoHe AC TpeyronpHuMKa ABC.
Ipsamreie BD u BE pa36usalor MeauaHy AM TpeyroabHuka ABC Ha Tpu
paBHbIX OoTpe3kKa. HaliguTte miowaas TpeyroabHUuKa BDE, ecny 1wiomaib
TpeyronsHuka ABC paBHa 1.

4. CropoHa AB npaBuibHOro urectuyronbHHka ABCDEF paBHa /3
H SIBJIACTCA XOPAOH HEKOTOPOH OKPYKHOCTH, IPHYEM OCTANbHBIC CTOPOHEL
IIeCTHYrO/IbHMKA JIeXKaT BHe 3TOM OKpY»XHOCTH. [IpAMas, npoxozdias
yepe3 BeplIMHY C, KacaeTcsi OKPYKHOCTHM B To4uKe M. MaBecTHO, uTO
CM = 3. Haiigute AMaMeTp OKPY)XHOCTH.

5. lleHTp OKpPY)XHOCTH paAuyca 6, Kacawimeiics ctopod AB, BC u CD
paBHOGeaApeHHOH Tpaneuuu ABCD, nexxuT Ha eé GonblieM OCHOBaHUU
AD. OcHoBaHHe BC paBHO 4. HailauTe paccTosiHue MeXAy TOYKaMH, B KO-
TOPBIX OKPYXXHOCTB KacaeTcss 60KOBBIX CTOPOH AB u CD 3TO¥ Tparenus.

6. Yoiel npu BepumHax A ¥ B TpeyroabHuka ABC paBHH 75° U 45°
COOTBETCTBEHHO, OTpe3KH AA; ¥ BB, — BHICOTHI TpeyronbHUKa. KacaTesb-
Has B TouKe C K OKPY)XHOCTH, OIIHCAHHOM OKOMO TpeyrosbHHKAa A,B;C,
nepeceKaeTca ¢ paMoi AA; B Touke K. MaBectHo, yto CK = a. Hadgure
PaguyCc OKPY»KHOCTH, OITMCAHHOM OKOJIO TpeyroibHuka ABC.



Aunarnoctudeckast pa6ora 3

1. MegnaHa M BEICOTA NMPAMOYTOJABHOI'O TPEYTOJBHHKA, IPOBEAEHHEIE
M3 BepIIVHEI IPIMOro yIvia, paBHH 5 U 4. HaliauTe KaTeTH.

2. Haiigure mepyvMeTp TPeyroJbHMKA, OJWH W3 YIJIOB KOTOPOI'O pa-
BeH a, a paZvychl BIIMCAHHOM Y OIMCAHHOK OKpPYXXHOCTeH paBHHI r U R
COOTBETCTBEHHO.

3. B tpeyronbHUK ABC co cropoHamu AB=18 n BC =12 BnucaH na-
pasnesiorpaMMm BKLM, npu4éM Touku K, L 1 M nexar Ha ctopoHax AB,
AC n BC cootBeTcTBeHHO. M3BECTHO, UTO I/IOAAR IapasuieorpaMMa Co-

4 .
cTaBJIAeT 9 IUTomaAx TpeyronsHMka ABC. HaauTre cTOpoHbI napaiieso-
rpamma.

4. OK0/10 NIpAMOYTOJIbHOI'O TpeyroiibHuKa ABC onucaHa OKpy)XXHOCTb.
PaccTosHMA OT KOHLIOB TMNOTeHY3bl AB 10 pAMO, kacawleica OKpyxX-
HOCTH B TO4Ke C, paBHH a 4 b cooTBeTcTBeHHO. HaliauTe kateTh AC 1 BC.

5. B nnpsaMoyroisHoM TpeyroabHuke ABC ¢ IIpAMBIM YIVIOM IIpU Bep-
muHe C cropoHa CA =4, Ha karete BC B3ATa Touka D, npuuém CD =1.

5
OKpyXHOCTb paZHyca ‘/7_ TIpOXOAUT Yepe3 Toukd C u D ¥ kacaeTrcs B TOY-
ke C OKpYXHOCTH, OTTMCAHHOH OKOJO TpeyronbHuka ABC. Haiiaure 1uo-
maab TpeyronoHuka ABC.
6. Ha cropoHax psAMOYyTro/IbHOro TpeyrolbHHUKA C KaTeTaMHU a U b nio-

CTpOEHBI KBaZpaThl, JieXalliyie BHe TpeyroibHuka. Haliaure riomaze Tpe-
YrOJIBHMKA C BEPUIMHAMH B LIeHTpaX KBaJpaToB.



JmnarHocruyeckas pabora 4

1. Ha ctopoHax AB, BC u AC TpeyroabHHKa ABC, momazib KOTOPOro
paBHa 75, pacnoyioxkeHsl TOYKH M, N ¥ K cooTBeTCTBEHHO. V3BeCTHO, 4TO
M — cepeavHa AB, ruiolaae TpeyrojabHrka BMN paBHa 15, a rwomagp
TpeyronsHuKa AMK paBHa 25. Haiiaure rwiomaas TpeyronbHuka CNK.

2. OKPY»KHOCTD S € LIeHTPOM B BepllIYIHe NIPAMOTro YIvia IPAMOYTro/bHO-
I'0 TPEYTONMIBHUKA KACAeTCHA OKPYXKHOCTH, BIIMCAHHOM B 3TOT TPEYTO/ILHHUK,
Haiaure pasnyc OKpY>XHOCTH S, €CJIM H3BECTHO, YTO KATeTHl TPEYTO/IbHU-
Ka paBHHI 5 u 12.

3. KaTeTHl NpAMOYTOJILHOTO TPEYTObHHUKA PaBHHI 3 ¥ 4. HaiiauTe 1uto-
1iaAb TPeYroJbHMKA ¢ BepIIMHAMH B TOYKAaX KacaHuA BIIMCAHHOM OKDYX-
HOCTH CO CTOPOHAMMH TPEYI'OJbHHUKaA.

4. Yepes cepeanHy 60KOBOH CTOPOHHI paBHOOEePEHHOTO TPEYTONbHHU-
Ka co cTopoHaMH 12, 18, 18 mpoBezeHa npsamMas, pa36uBalolasn Tpeyroab-
HHK Ha 4YacTH, IUIOIaA¥ KOTOPBIX OTHOCATCA Kak 1: 2. HaHaure ZnHHY
OTpe3Ka 3ToH IIPAMOIA, 3aKIIOYEHHOTO BHYTPH TPeyToJIbHHKA.

5. OxpyxHOCTB € rjeHTpoM O, BIMCaHHaA B TPeyrolbHUK ABC, KacaeT-
cs1 ero cTopoH AB ¥ AC B Toukax M ¥ N. OKpyXHOCTB C LIeHTPOM Q BIIHCa-
Ha B TpeyroibHUK AMN. Hatinyte OQ, ectm AB=13, BC=15u AC=14.

6. BrcceKTpHCH BHYTPEHHUX YIJIOB TPeyroJbHUKA NMPOJLO/DKEHH JO Tie-
peceyeHus C OITMCAHHOM OKQJIO TPEYTOJILHUKA OKPYXHOCTBIO. B pesysbra-
Te TOMAapHOro COeJWHEeHMA 3THX TOYEK IOJMyYWICA HOBHIM TPEYTONbHHUK.
HM3BecTHO, 4TO YI/IBI MICXOAHOT'O TpeyroNbHUKa paBHH 30°, 60° 1 90°, a ero
IwIomazb paBHa 2. Halaure mwiomaas HOBOTO TPEYTONbHUKA.



AuarHoctuyeckas pabora 5

1. Ha xareTe BC npAMOYroJbHOIO TpEYroibHUKa ABC Kak Ha AuaMeT-
pe [TOCTPOEHAa OKPYXKHOCTh, IIepeceKamollas rurnoTeHysy AB B Touke D,
npuyuéM AD : BD =1 : 3. BricoTa, ollymieHHasA U3 BeplUMHE C npAMoro yrjaa
Ha T'MIIOTeHy3y, paBHa 3. Hakaure katet BC.

2. /inaroHaib paBHOGeApeHHOM TparneLyy Je/IUT eé TyIoH yroi Ioro-
naMm. MeHbllee OCHOBaHMe TpanelwH paBHO 3, mepuMeTp paBeH 42. Haii-
JUTe TUIOIIAZb TPANEeLHH.

3. OKpPYXHOCTH paJHycoB r M R KacaloTcsd BHEIIHUM 06pa3oM B TOY-
Ke K. [IpAMad KacaeTcs 3TUX OKPYKHOCTeHA B pas/IMYHBIX TOYKaxX A W B.
Haiizure wiomase TpeyronbHuka AKB.

4. HaiiguTe KOCHMHYC yIJIa IpA OCHOBaHHH paBHOOeApEeHHOro Tpe-
YTOABHHKA, €CIM M3BECTHO, TOYKA MepeceveHus BBICOT TPEYTOJIbHHMKA
JIEXKHUT Ha ero BIIUCAHHOM OKPYXHOCTH.

5. Touka M AeNHT CpeAHION JHHHIO TpeyroabHUKa ABC, napawieib-
HYI0 cTOopoHe BC, Ha OTpe3KH, OAVH U3 KOTOPHIX B TPHM pa3a JJIMHHee [py-
roro. Touka N Taike ZieuT cTOpoHy BC Ha OTpe3KH, OJWMH M3 KOTODBIX
B TPU pa3a JJVHHee Jpyroro. B KakoM OTHoOLIeHHHU npamaa MN jenur
wiomaas TpeyroasHuka ABC?

6. Ilromaaes pomba ABCD paBHa 2. B TpeyronbHHK ABD BnmcaHa
OKPY>XHOCTb, KOTOpast kacaeTcsl CTOpoHbl AB B Touke K. Yepes Touky K
npoBeAieHa npsaMas KL, mapamnenpHas auaroHanud AC pomba (Touka L
JeXUT Ha cTtopoHe BC). M3BecTHo, uto IUIOmAAb TpeyronbHuka KLB

paBHa % Haiigure kocuHyc yriaa BAD.



JAnarHocrudeckas pabora 6

1. Haiiure pasinyc OKPy>KHOCTH, Kacaloueics ABYX KOHIIEHTPHYeCKUX
(MMeOIIMX OAVIH U TOT K€ LIEHTP) OKPY>KHOCTeH pagnycos 3 u 5.

2. OKpYy>XHOCTB, [TOCTPOEHHAs KaK Ha AaMeTpe Ha MeHbiel 60KOBOH
CTOpOHE ITPAMOYTOJBHOH Tpameuuy, Kacaerca Gonbuiei 60KoBO cTOpO-
HBI, paBHOM a. HailguTe cpeHIO JMHHIO TpanenuHy.

3. Touka D genut ocHoBaHHe BC paBHOGeJpeHHOro TpeyroJbHHKa
ABC Ha JBa OoTpe3Ka, OfHMH M3 KOTOPHIX Ha 4 6osiblie apyroro. Haiaure
paccTossHHe MeXAYy TOYKaMH, B KOTOPHIX BNHCAHHHIE OKPY:XHOCTH Tpe-
yroibHUKOB ABD M ACD kacaloTcs oTpeska AD.

4, Inaro”anu AC ¥ BD BriucaHHOro B OKPYXHOCTb YeTHIPEXYTOIBHUKA
ABCD mnepecekarTca B ToYke Q noa npsMeiM yriioM. [Ipameie AB 1 CD
nepecekalorcs B Touke P. M3BecTHo, yro BC =5, AD =10, BQ = 3. Hait-
auTe AP.

5. [lpamas, napananenbHas cTopoHe AB TpeyronabHMka ABC, KacaeTcs
€T0 BIIMCAHHOM OKPYXHOCTH. OTPe30K 3TOH NpAMOM, 3aK/II0UEHHBIN BHYT-
PH Tpeyro/ibHMKa, paBeH 2,4. HaliguTte cTOpoHy AB, €C/iM U3BECTHO, YTO
nepuMeTp TpeyronbHukKa ABC paBeH 20.

6. lan paBHOGeApeHHbIH TpeyroabHUK ABC ¢ ocHoBaHHeM AC. OKpyX-
HOCTBb pazHyca R c neHTpoM B Touke O NMPOXOAUT Yepe3 TOUKH A U B H ne-
pecekaer npsaMyio BC B Touke M, oTim4yHoH oT B u C. Haliaute paccros-
HHe OT Touku O A0 LEHTPa OKPYXHOCTH, OIIHCAHHOM OKO/0 TPeyrONbHH-
Ka ACM.



IMpuioxxenue 1. U36paHHbIe 3ala4ydl TPEHUPOBOYHBIX
H 3K3aMeHalMOHHbIX paboTt 2010 roza

1. B Tpeyronranke ABC n3BecTHO, yro AB=18, BC=16, cos /B= g,
AH — BpicoTa. Yepe3 ToukKy H, IpoBeZeHa npaMas, OTCEKAIolasa oOT Tpe-
YrONIbHUKA [TOJOOHBIH €My TPeyTolbHUK Y IlepeceKalolas CTOpoHy AB B
Touke M. Haiignre HM.

Peu e H ¥ e. [To TeopeMe KOCUHYCOB

AC = \/ABZ+BC2—-2AB-BCCOSZB= \/182+162—2-18-16-g =18,

NO3TOMY TpeyroabHuk ABC paBHOOeApeHHBIN ¢ ocHOBaHHeM BC, 3Ha4MT,
H —cepeanHa BC.

3aMeTHM, YTO CYLLECTBYeT POBHO [Ba CJIy4as PacClOJOXEHUSA TOYKH
M Ha cTopoHe AB: 6o £LBHM = /BCA (puc.1), mnb6o £LBHM = £BAC

(puc. 2).

A A
18 M 18
M
I 1 I
C 8 H 8 B C 8 H 8 B
Puc. 1 Puc. 2

B nepBoM u3 atHx caydaeB HM || BC. Torga HM — cpegHss IMHUA Tpe-
yronbHuka ABC, cieaoBartesbHO, HM = %AC =0.

[Tyctb Temepy ZBHM = ZBAC. Toraa TpeyronbHUK BAM moao6eH pab-
HOGeZpeHHOMY TpeyTroabHUKY BAC, CleA0BaTeNbHO,

HM = HB = 3BC = 8. <
Omeem: 9 um 8.
2. Touka H — ocHOBaHMe BHICOTH TPEYTOJIBHMKA CO cTopoHamy 10, 12,
14, omyImeHHOW Ha CTOPOHY, paBHyto 12. Yepes Touky H, nipoBeaeHa mps-

Masl, OTCEKaloIas OT TPEYTONbHHUKA ITOAOGHBIA eMy TPeyTONBHHK H Itepe-

Cexallas CTOpPOHY, paBHY 10, B Touke M. Hafiaure HM.

Omeem: A WIHN 14
'3 T
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3. Touxa P — oCHOBaHHe BLICOTHI TPEYTOALHHKA CO CTOPOHAMH 6, 7, 8,
ONyLIeHHOM Ha CTOPOHY, paBHyIo 7. Yepe3 Touky P, npoBejeHa IpsMasd,
OTCeKawlljasg OT TPeyroJlbHUKa NMOAOOHEIN eMy TpeyrOJbHHK U IlepeceKa-
I0111asA CTOPOHY, paBHYyo 6, B Touke Q. Haliaute PQ.

Omsem: 1—72 win 2.

4, B TpeyronbHuKe KLM uzBectHo, 4T0 KM =15, LM =12, cos /M = %,
KE — BrIcoTa. Yepes Touky E, IIpoBeZeHa NpAMasd, OTCEKAoIIasA OT Tpe-
yroJbHUKA NMOZOOHBIA €My TPeyTOILHUK M Ilepecekalolas cTopoHy KM B
Touke F. Hafigure EF.

Omeem: 7,5 wiu 6.

5. PaccTosiHrEe MeX/y LieHTpaMH OKPYXHOCTeH paguycos 1 u 9 paBHO
17. OTHX OKPY)XHOCTEH M HX 0DOlllel BHelIHeH KacaTeJbHON KacaeTca Tpe-
ThA OKPY)XHOCTb. HallauTe e€ paguyc.

P e e H 1 e. JlokaXeM CHayaIa CJAelylolee yTBepxKaeHHe. Ecinl a —
paccToiHMe MeXAYy LIEHTPaMHM OKPYXHOCTel paguycoB r U R, obmas
BHEUIHAA KacCaTeJlbHAasA KacaeTcsa 3THUX OKPY)KHOCTeﬁ COOTBETCTBECHHO B

Toukax AM Bunpuartoma>r+R, 10 AB=+va?—(R—r)2
JercTBUTeNbHO, MycTh O; U Oy — LIEHTPH OKPY)XHOCTEH paauycoB r

¥ R cooTBeTcTBeHHO (pHC. 3). I3 ToukH O, onycTHM nepneHAUKYaap 0;Q

Ha npamy1o O, B. M3 npaMoyroiibHoro Tpeyroapuuka 0, Q0, HaxoauM, 4To

0,Q = /0,02 - FO2 = /a2 - (R-1)2

CiegoBaTesbHo, AB=0,F = y/a? — (R — r)2. YIBepXAeHHe JOKA3aHO.

Puc. 3
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B 4acTHOCTH, ec/JIM OKPYKHOCTH KacaloTcs BHelIHHM o6pa3oM, TO
a=R+r. B aToM ciryuae

AB =/ (R+1)2—(R—-r))? = 2vRr.

ITyctb x — paguyc MCKOMOHR OKpyxHOCTH, C — eé TOYKa KacaHus C
mpsAMoi AB. Tlo Aoka3aHHOMY

AB=+172-(9-1)2 =15,
AC = v/ (x+1)2— (x—1)2 = 2VX,
=V (x+9)2— (x—9)2 = 2/9x = 6y/x.

Eciu MckoMast OKpPY)XHOCTb KacaeTcs IpAMOE AB B Touke C, nexatiei

Mexay A u B (puc.4), to AC + CB = AB, win 2/x + 64/x = 15. Toraa
225

15
xX=g- CrnegoBsaTeslbHO, X =

64

Puc. 4

Eciv vcKoMas OKpYXHOCTh KacaeTcsl npamoil AB B Touke C, ne-
JKalled Ha IIPOAO/DKEHHH orpeaxa AB (puc.5), to CB — AC = AB, niu

6y/x—2/x=15. Toraa +/x= CJIelIOBaTeJIbHO x= 21265

[lycTs UckoMas OKPY)KHOCTB pazuyca x KacaeTca npamoit AB, BHYT-
peHHMM 00pa3oM KacaeTcs OKPYXKHOCTH ¢ [ieHTpoM O B TOUKe A, a BHelll-
HUM 06pa3oM — OKpPYXHOCTH C 1eHTpoM O, (puc.6). Torna AB=2+9x,
25

wix 15 =64/x, OTKyia HaxoZuM, 4TO X = —= T
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Npunoxenne 1

Puc. 5

Puc. 6
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Puc. 7

HakoHel, eci Mckomas OKPY>XHOCTb pajyca X KacaeTcs IpAmMoit AB,
BHYTPEeHHHM 06pa3oM KacaeTcs OKPYKHOCTH ¢ ILIeHTpoM O, B Touke B,
a BHEIIHHM 06pa3oM — OKPYKHOCTH C LieHTpoM O; (puc.7), To aHasIo-

'HYHO IOMYYMM ypaBHeHue 15=2+/1"X, 43 KOTOPOro HaxoAuM, 4TO X =
= %. <]
Omeem: 222 223 25, 225
64’ 16° 4 4
6. PaccrosHHe MeXJy LIEHTPaMU OKPY)XKHOCTeHd paiuycos 1 U 9 pas-
HO 17. DTHX OKpPY)XHOCTeH 1 uX oblLiel BHyTPeHHelH KacaTelbHOH KacaeTcs

TPEeThsS OKPYXXHOCTB. HaliiuTe e€ paauyc.

Omsem: 21 HAN — 189
4 4

7. [Liomage Tpaneuuu ABCD paBHa 90. /luaroHany nepeceKaloTcA
B Touke O, OTPe3KH, COeAUHAIIMe cepeaHy P ocHoBaHust AD ¢ BepuIy-
HaMH B u C, mepecekaroTcs ¢ AUaroHajaAMM Tpallelliy B To4kax M u N.
Haiigure mioiaas yeThpéxyroasHuka OMPN, eciM OfHO U3 OCHOBAHHA
Tpanenuy BABoe Gosble APYroro.
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PemeHue. Ilyctb AD =2BC (puc.8). YerbipéxyroibHuku ABCP
1 BCDP — napa/uie/iorpaMMel, moatomy M u N —cepeauHsl BP u CP,
3HayuT, CM u BN — MezuaHH TpeyroiabHuka BPC.

B a C

A a pP a D
Puc. 8

ITycts h — BricoTa TpaneuuH. [Tonoxum BC =a, AD = 2a. Toraa

Sasco = T522h = 3ah =90, ah = 60.

CrnegoBaTesibHO,

1 11 1
Somen = 3Saspc = 3 5ah = g-60 = 10.

PaccmoTpuM ciyuatt, koraa BC =2AD (puc. 9). ITycts h — BeIcOTa Tpa-
neuun. [onoxuM BC =2a, AD =a, AM =3t. Toraa ah =60.
Tpeyronbuuk AOD mogo6eH TpeyroibHHUKYy COB ¢ xoadduuneHToM

%, a TpeyronbHHK AMP noao6eH TpeyrombHuky CMB ¢ ko3dduiu-

BC —
eHTOM
a
AP 2 _ 1
BC ~ 2a 4
Torzma
MC = 4AM = 12t, AC = AM+MC = 3t+12t = 15¢,
N G AM 3t 3
AO—BAC—St, A0 — o = 5
DN 3
AHaJIOTH4YHO, D0 =5
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B 2a C

M

A a/2 P a/2 D

Puc. 9

BricoTa TpeyronpHuka AOD, mpoBeAéHHad u3 BepiivHb O, paBHA %h,
3HAYMT,

1 1
Saaop = 2ar §h =

AM AP 31
Sapne = Saamp = 2 " apSasop = 5510 =3.

ah=<=-6

(=)

=10,

| =
=

CnepoBarenbvHO, Soppn =Saaop — Sapne — Saamp=10—3-3=4. <
Omeem: 10 vm 4.
8. [Inomaae Tpaneuuu ABCD paBHa 405. [luarosHany nepecexkaroTcs
B Touke O, OTpe3kH, COeAUHAIOUIMe cepeUHY P ocHoBaHusi AD ¢ BepIIu-
HaMH B u C, nepecekaroTcsd ¢ AMaroHajJsAMHy Tpaneluu B Toykax M u N.
Haviaute wiomaae TpeyronbHuka MON, eciiy 0IHO M3 OCHOBAHHMH Tpare-

LIMM BABOE GOJBIIIE PYTOTQ.
. 45 36
Omeem: 5§ WM =
9. Itomaae Tpaneuuu ABCD pasHa 240. /luaroHanu nepeceKaloTcs
B Touke O, OTpe3KH, COeAMHAIOLINe cepeJUHY P ocHoBaHusa AD C BeplIH-
HaMu B u C, mepeceKaloTcd ¢ AUAroHaJIAMH Tpalenyuy B Toukax M u N.
Hatiaure wiomazas yeTelpéxyronbiuka OMPN, eciin OAHO M3 OCHOBaHHH

Tpanenyy BTpoe Honblle APyroro.

Omaeaem: 27 wiH 4—75

10. ILromazs Tpaneuuy ABCD papra 240. /lnaroHaiy nepeceKalorcs
B Touke O, OTpe3KH, CoeANHAIIMe ceperHy P ocHoBaHua AD ¢ Bepluy-
HaMM B u C, IepecexaroTes C AHaroHIAMM TpallelMy B Toukax M u N.
Hatigure mwiomaae TpeyronbsHuka MON, ecii OAHO M3 OCHOBAHUH Tparte-
1M BTpoe Gonblile APYyroro.

Omeem: 27 WIN 135
5 49 -
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11. B OKpY}KHOCTH, pajnyc KOTOpPOH paBeH 5, IpoBejieHa xopia AB=38.
Touxka C mexuT Ha xopae AB rak, yto AC : BC =1: 2. Hailaute paauyc
OKPY>KHOCTH, Kacallleics JaHHOH OKPYKHOCTH Y Kacalollercs Xopabl AB
B TouKe C.

P e e H u e. [Iycte E — npoekiiya yenrpa O AaHHOI OKPYKHOCTH Ha
xopay AB. Toraa E — cepeaunHa AB u

OF =  OA? — AE? = /2516 = 3.
Ecyi mickoMast OKpYXHOCTD C LIEHTPOM Q ¥ paJyycoM I KacaeTcs JaH-
HOH B Touke D, TO
0Q=0D-QD=5-r, CE=AE-AC=4—5-8=1%.
Ilycts F — npoekuus ToukH O Ha npamyio QC. Toraa OFCE — nipsamo-
yromshuK, mosTomy CF=0E=3 u OF =CE=13.

PaccMoTpuM ciry4ait, xorzja Toukd O U Q JeXxaT 0 pa3HbIeé CTOPOHH
ot npsamoit AB (puc.10). Torna QF = QC + CF=QC + OE =r + 3. Ilo Teo-

peMe [Tudaropa 0Q%>=QF?*+OF?, wn (5—-r)?=(r+3)*+ %6 3 sToro

8
YPaBHE€HHA HAXOAUM, YTO r = 6

Puc. 10 Puc. 11

Ecnu ke Touku O U Q JIeXaT 1o oJHy CTOPOHY OT npsAMoii AB (pHc. 11),

TO aHAJIOTMYHO TIOMYYUM ypaBHeHue (5 —r)? = (r—3)% + E, U3 KOTOPOTO
" . 2
HalgéMm, u4To X = % <
32

.8 32
Omeem: 9 WIH g
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12, B tpeyroasHuke ABC AB=14, BC =6, CA=9. Touka D nexuT Ha
npamoi BC Tak, uro BD : DC =1 :9. OKpy»KHOCTH, BIIUCAHHELIE B TPEYTOJIb-
Huku ADC u ADB, xacawrTcs ctopoHH AD B Toukax E u F. Haligure anuHy
oTpe3ka EF.

Omeem: 4,9 wiu 5,5.

Pemenwue. JiokaxeM CHadyala ciae[ymollee yTBep:xAeHue. Ecau
OKPY>XHOCTB, BIIUCAHHAsA B TpeyroibHMK KLM, KacaeTCst ero CTOPOHEL

MK B Touke P, To MP = %(MK + ML -KL).
JdokasaTtenbcTBo. [Iycte Q U R—TO4-
K KAacaHUs BIMCAHHOH OKDY)XHOCTH Tpe-
yronbHuKa KLM co cropoHamu ML u KL cooT-
BercTBeHHO (pHc.12). Torga
MQ=MP, KP=KR, LQ=LR,
KL=KR+LR=KP+LQ =
= (MK—-MP)+(ML-MQ) =
= MK+ML-(MP+MQ) =
= MK+ ML - 2MP.

CriezoBaTelsHO, MP = %(MK +ML —KL), uto

U TpeGoBaIOCh AOKA3ATH.

Beprémcs k Hawel 3ajave. [lycTs BicaHHbBIe OKPY>XHOCTH TPeyTro/b-
HHMKOB ADC u ABD xacatotes oTpeska AD B To4kax E u F COOTBETCTBEHHO,
npuuéM Tovka D siexxut Ha oTtpeske BC (puc. 13). Torza no gokasaHHOMY

Puc. 12

AE = %(AD+AC—CD), AF = %(AD+AB—BD),

A A

e

Puc. 13 Puc. 14
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3HAYMT,
EF = |AF — AE| = ’%(AD +AB—BD) — %(AD+AC—CD)’ =
= 3|AD + AB—BD — AD — AC+CD| = 3|AB~ AC~BD+CD| =

=llap—ac-L 28c|=1laB- dpcl| =
—2|AB AC loBC+loBC'—2|AB AC+SBC‘—

1
2

4 | _49
14—9+§-6‘ =10

ITycTh Teneps Touka D nexuT BHe oTpeska BC (puc.14). Toraa oHa Jne-
XUT Ha IIPOAO/DKEHHUH oTpe3ka BC 3a TouKy B. AHaJIOrM4YHO NpegbIAyLeMy

cyvaio
EF = |AF — AE| =

= 2|AB— AC—BD+CD| = 5|AB— AC— £BC+ 3BC| =
= Liag- — 14— =1
= 2|1AB-AC+BC| = 1|14-9+6/ = 1.

13. B Tpeyronbunke ABC AB=15, BC=8, CA=9. Touka D nexur Ha
npamoit BC Tak, yro BD : DC = 3 : 8. OKpy»>XHOCTH, BINCAHHBIE B TPEYTO/1b-
HHUKU ADC U ADB, xacaloTcsl cTOpoHH AD B Toukax E u F. Haiigure AnuHy

oTtpe3ka EF.

53

Omeem: 7 win 11

14. B napanenorpamme ABCD 6ucceKTpHCH YIJIOB IIPH cTOpoHe AD

penst cropory BC Toukam M u N Tak, utro BM : MN =1:5. Haitgure BC,
ecan AB=3.

PemweHue. IlomoxuM BM =x, MN = 5x. Touka M JneXuT MexXay
TouykaMu B 1 N, tak kak BM < MN.,

PaccMoTpuM oryvait, korsa AM 1 DN — GHCCEKTPHCH YIJIOB IIPY Bep-
muHax A u D nmapasuieniorpamma ABCD (puc. 15).

B X M Sx N 3 C

Puc. 15
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TpeyroasHUK ABM — paBHOGeApeHHEIH, Tak Kak LAMB = ZMAD =
= /BAD, nostomy BM = AB =3, T.e. x=3. Torga MN =5x =15. AHa-
JIOTU4HO, TpeyrabHUK DCN — Taroke paBHoGeapenublii 1 CN = CD =
=AB =3. CiefoBaTeJILHO,

BC=BM+MN+CN =3+15+3 =21.

B x M Sx N C

Puc. 16

[TycTe Tenmeprs 6MCCEKTPUCH YTJIOB IIPY OCHOBaHMH AD — 310 Tyyn AN
1 DM (puc. 16). Torna TpeyronbsHuku ABN 1 DCN — paBHOGepeHHEIe,
CM=CD=AB=3, BN=BM+MN=x+5x=6x 1 BN=AB=3. U3

1
paBeHCTBa 6x = 3 HaXOAMM, YTO X = 3 CllegoBaTesIbHO,

BC=BM+CM=x+3=%+3=%. <

Omeaem: 21 win 3,5.
15. B napannenorpaMMe ABCD 6HcCeKTPHCH YTIIOB IIpH CTOpoHe AD
JensaT cTopoHy BC ToukaMd M ¥ N Tak, yro BM : MN =1 :7. Halzaure

BC, ecytu AB=12.
Omeem: 13,5 win 108.



IMpunoxenue 2. Cmucok nosye3Hbix GakToB

1. a) BUCCEeKTPHUCHI CMEXXHBIX YIJIOB NePIeHAVKY/IADHEI.
6) BucceKTpUCH BHYTPEHHUX OAHOCTOPOHHUX YIVIOB IIPH ABYX Napaj-
JIeJIbHBIX NIPAMBIX M CeKylleH e preHuKy/IApHBL.

2. a) Ecm 6uccekTpucel, TpoBe€HHble U3 BeplIvH B 1 C TpeyronbHu-

ka ABC, nepecekatorcs B Touke O, To ZBOC=90° + %ZA.
6) Ecii 6rcceKTPHUCH BHEIIHHUX YIJIOB IPH BeplIMHax B u C Tpeyronb-

Hrka ABC nepecekarTca B Touke Q, To /ZBQC =90° — %ZA.

3. a) Eciiv MegraHa TpeyroJbHHKA PaBHA MOJIOBHHE CTOPOHBI, K KOTO-
po¥ OHa IIPOBeZeHa, TO TPEYTONBHMK IIPAMOYTOMbHEIH.

6) MeanaHa NpsiMOYTO/ILHOTO TPEYTOILHUKA, TPOBEAEHHAS U3 BepIIU-
HBI IPAMOTO YIJIa, PaBHA ITOJIOBUHE TMIIOTEHY3HL.

4. a) OTpe3oK, COeAUHAIONINI cepeAVHB AuaToHaNlel Tpanenyy, pa-
BEeH IOJIypPa3HOCTH OCHOBAHHUH.

6) Ecmi cymMa yIyIOB IIpH OZHOM U3 OCHOBAHMI Tpaneuuu pasHa 90°,
TO OTPe30K, COEAMHSAIOIMNA CEpeJMHEl OCHOBAHMH TpAIlellVy, paBeH MX
NIOJTypa3HOCTH.

5. [Tpoekiysi GOKOBOM CTOPOHBI paBHOOEIPEHHOH Tpamnely Ha OCHO-
BaHHe paBHA NOJypa3HOCTH OCHOBaHHMH, a NPoeKLHA AUaroHalym — I0ly-
CyMMe OCHOBaHMH.

6. CBoiicTBa OKPYKHOCTH.

a) JluameTp, lepneHANKYIAPHBIN Xopae, Ae/UT e€ N0oNoAaM.

6) JluaMeTp, NMPOXOAAIIMHA Yepe3 cepeAHHy XOpAEI, He ABIAIOLIeNHCs
AVaMeTpoM, IlepleHANKYIApeH 3TOH XopZe.

B) CepeAMHHEIA NIepIIeHAMKY/AP K XOpZe IIPOXOAMT Yepe3 LIEHTP OKPYX-
HOCTH.

r) PaBHEIE XOpAB! YAaJeHEl OT [eHTpa OKPY»KHOCTH Ha PaBHHIE PAcCTo-
AHUA,

1) Xop/ibl OKPY)XKHOCTH, YAAJIEHHBIE OT LIEHTPA Ha paBHbIE PACCTOAHMA,
PaBHBI.

e) OKpyKHOCTb CAMMETPHYHA OTHOCUTEILHO LIEHTPA U OTHOCUTEIBHO
moboro CBOEro AuaMeTpa.

X) JIyry OKpYXHOCTH, 3aKUTIOUEHHBIC MeXIY NMapaie/lbHEMY XopAa-
MH, PaBHHI.

7. a) 3ameuamensHoe cgoticmeo okpyxHocmu. leoMeTpHryeckoe MecTo

TOYeK M, U3 KOTOPBIX OTPe30K AB BHAEH NOJA NPAMLIM YoM (ZAMB =
=90°), eCTb OKPY>KHOCTE C AMaMeTpPoM AB 6e3 Touek A u B.
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6) TeoMeTpHyuecKoe MeCTO TO4YEK M, M3 KOTOPHIX OTPe3oK AB BHIeH
noZx ocTpeM yioM (ZAMB < 90°), ecTh BHELIHOCTh Kpyra C JUaMeT-
poM AB be3 Touek npsamMoii AB.

B) 'eoMeTpHuyeckoe MecTo TodeK M, M3 KOTOpHIX OTpe30oK AB BHJeH
noz TymbiM yrioM (ZAMB > 90°), eCcTb BHYTPEHHOCTb Kpyra C AviaMeT-
poM AB 6e3 Touek orpe3ka AB.

r) [eoMeTpHYecKkoe MECTO TO4eK, U3 KOTOPBIX OTpe30K AB BHJieH nog
AAHHBIM YIJIOM, €CTh AB€ AYTY PaBHBIX OKPYXHOCTeH ¢ ob1iei xopaon AB,
JieXkallie TI0 pa3Hble CTOPOHHI OT NpAMoit AB, 6e3 Touek A U B.

8. a) JInHusA LEHTPOB JBYX IlepeceKaloNXCs OKPYKHOCTeH IepIies -
Ky/IIpHa UX 0DlueH XopZe M JeJIUT eé [onoiam.

6) JInHMA LeHTPOB JBYX KacCalOIUXCHA OKPYKHOCTEH MPOXOAUT yepe3
TOYKY KaCaHUA.

9. a) Paauyc oKpy>XHOCTH, BIIMCAHHOW B IPAMOYTONBHEIN TPeYTOIBHUK

o a+b—c
C KaTeTaMH d, b ¥ TUIIOTeHy30M c, paBeH ————.

6) Ecm M — Touka KacaHuA €O CTOPOHOH AC OKPY)KHOCTH, BITHICAH-
HOM B TpeyroimbHUK ABC, To AM = p — BC, rae p — nonynepuMeTp Tpe-
YTOJIBHUKA.

B) Eciiv oKpyHOCTB KacaeTcs cTOpoHH BC TpeyronsHuka ABC H npo-
AO/DKeHUH CTOPOH AB u AC, TO pacCcTOsSIHME OT BepIIMHH A AO TOYKH Ka-
CaHMA OKDPY)XHOCTHM € NpsAMOi AB DaBHO NOJAyNlepUMeTpY TPeyroJbHHKa
ABC.

r) Eciv oKpy)XHOCTB, BIIMCAHHAA B TpeyroiabHUK ABC, kacaercsa CTo-
poH AB, BC n AC cooTBeTcTBeHHO B Toukax K, L. u M, a ZBAC =a, To
LKLM=90°— 3.

A) Eciu npsMele, poxojAmue yepe3 TOYKY A, KacaloTCi OKPYXHO-
CTH S B Toukax B ¥ C, To LeHTp BIMCAHHOMN OKPYXHOCTH TPeyTrOJIbHHKA
ABC ne>xuT Ha OKPY>XHOCTH S.

e) EciM paccTogHMe MeXAy LieHTpaMH OKPY)XXHoCTed paauycoB r 1 R
pPaBHO @ ¥ a > R+r, To OTpe3kH OBIIMX BHEIIHUX K OOLINX BHYTPEHHHUX
KacaTeJbHBIX, 3aK/II09EHHbIe MeXJy TOYKaMH KacaHWsd, paBHbI COOTBET-

CTBEHHO
Va? —(R-1r? u Va?-R+r)2

10. Ecny oKpyXHOCTH pazuycoB r M R ¢ uenrpamu O, u O, KacaioT-
cA BHEIIHUM 06pa3oM B TouKe K, a MpAMast KacaeTcsi 3THX OKPYXKHOCTeH
B PA3JIMYHBIX TOYKaX A M B M mepecekaeTcs ¢ obuieil KacaTesbHOH, Mpo-
xozaued yepes Touky K, B Touke C, To ZAKB =90° u £0,C0O, =90°,
a oTpe30K AB 0061eif BHEIIHEeH KacaTeJIbHOM OKPYXHOCTeH paBeH OTpe3Ky
ob1eil BHyTpeHHel KacaTeJbHOM, 3alIIOYEHHOMY MeX Ty OOIMMH BHelll-
Humu. O6a 3TM oTpe3ka paeHsl 2v/Rr.
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11. a) Yron MexzZy KacaTeJbHOHU U XOPAOH, NPoBeJéHHON Yyepe3 TOUKY
KacaHHs, paBeH I0JIOBMHE YIVIOBOH BEeJIMYMHEI AYTH, 3aUTI0YEHHON MeXIy
HHAMH.

6) Yron Mexzy nepeceKaromyIMHACH XOpAaMH paBeH IOIyCyMMe IIPOTH-
BOTIOJIOXKHEIX AYT, BRICEKAEMBIX XOpAaMH.

B) Yron MexJy AByMA CeKyLIMMH paBeH NMOMYPa3HOCTH AYT, BRICEKae-
MEBIX CEKYILIMMHM Ha OKPY>XHOCTH.

12. a) Eciu npsaMasi, mpoxoadias yepes TOYKY A ¥ ueHTp O BIMcaH-
HO OKPYXHOCTH TpeyroibHuka ABC, BTOPHUYHO IlepPeCeKaeT ONMHUCAHHYIO
OKPY)XHOCTb TPeYyroJbHHKa B TOYKe M, To TpeyroibHUKH BOM u COM
paBHOOeApeHHEIE,

6) ®opmyna Siinepa. Ecnu 0y, O, — LeHTPHl BIIMCAHHOM U ONMCaHHOMN
OKpYXXHOCTe| TpeyronbHuKka ABC, a r 1 R — pafuychl 3THX OKPYXHOCTeH

10 0,0,=V R?>—2rR.
13. a) Ecnu 4eTHIPEXYTOMbHUK MOXHO BIIMCATh B OKPY)KHOCTB, TO CYM-
Ma ero NPOTHBOIONOXHBIX YIJIOB paBHa 180°.

6) EciM cyMMa IpOTHBONOJIOXKHBIX YIVIOB YeTHIPEXYTOIbHHMKA paB-
Ha 180°, To OKQJIO HEro MOXXHO OITUCATh OKPYXXHOCTb.

14. a) Eci1 B 4eTHIpEXYTOJPHUK MOXXHO BITHCATh OKPYXXHOCTB, TO CyM-
MHI er0 IIPOTHBOIIONIOKHBIX CTOPOH PaBHHI.

6) Ec/i cyMMBI IPOTHBOIIOIOKHBIX CTOPOH BBITYK/IOTO YETHIPEXYTO/Ib-
HHKa PAaBHHI, TO B HETO MOXXHO BIIMCATh OKPY>XHOCTb.

15. a) Eci B TpameLyio MOXXHO BIIUCATh OKPY)XXHOCTB, TO HOKOBast CTO-
POHA Tpaneyny BUAHA U3 LeHTpa OKPY)XHOCTH 10 TIPAMBIM YTJIOM.

6) Ec/iM OKpY)KHOCTh BIIMCAHa B paBHOOeApEeHHYIO Tpameuuo, To 6o-
KOBas CTOPOHA TpaIlellMy paBHA e€ cpeAHeH THHHUM.

B) Eciii B Tpameuuio MOXHO BIIMCATh OKPYXXHOCTB, TO PAJJUYC OKPYX-
HOCTH €CThb CpefjHee NPONOpLMOHaNbHOE (CpesHee reoMeTPHUYECKOe) OT-
PEe3KOB, Ha KOTOpLIE TOYKA KACaHMA JeJIUT GOKOBYIO CTOPOHY.

16. a) 3ameuamensvroe cgolicmao mpaneyuu. Touka llepece4eHHA Aua-
TrOHaJIeW TpaneLyH, ToYKa IepeceyeHus TpoJo/DKeHNH GOKOBBIX CTOPOH
M cepeAViHE] OCHOBAHMH Jle)XaT Ha OfHOM IMPAMOH.

6) OTpe3ok NpAMOH, MapaaneNbHOM OCHOBAaHMAM TpAaleLHH, 3aKII0-
4YéHHBLIM BHYTPHU TpalelyH, pa3brBaeTcs e€ AUaroHaJIAMH Ha TPH YacTH.
Torza orpe3ky, mpwieramupe K GOKOBEIM CTOPOHAM, PaBHEI.

B) Eciu yepe3 TOuKy mnepeceyeHHUsi AMATOHAJEH TpaneLUy C OCHOBa-
HUAMM @ ¥ b TIpoBeJieHa NIpsAiMasi, TapaUleJibHasi OCHOBaHMAM, TO OTpe-

30K 3TOM NpsAMOM, 3aKUIOYEHHBIH MeXay 60KOBHIMM CTOPOHAMH Tpare-

Un aBeHZLb
vy, p a+b’
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r) Ecnu Tpanenus pa3jesneHa NpAMOH, Iapajle/lbHON eé 0OCHOBAHUSM,
PaBHBIM a M b, Ha /iB€ paBHOBe/IMKHeE TPalleLilH, TO OTPE3OK 3TOH IIPAMOH,
a*+b?

R

A) Ecnu Tpanenus pa3zieneHa NpsSIMOH, TapaUIe/IbHON €€ OCHOBAHUAM,
paBHBIM a M b, Ha JBe ToAO6GHBIE Tpamelly, TO OTPE30K 3TON MPAMOMH,
3AKTIOYEHHBI Mex Iy GOKOBEIMH CTOPOHAMM, paBeH v ab.

17. a) Ecau BM 1 CN — BRICOTHI TpeyroasHuka ABC, TO TpeyronbHUK
AMN nono6en TpeyronbHUKYy ABC, npruéM koadduiueHT nogobus pa-
BeH | cos ZA|

6) Ecin H —Tovyka nepecedeHUsi BBICOT TpeyrosibHukKa ABC, a O —
LIEHTP €ro ONMCAHHOM OKPYXHOCTH, TO oTpe3oK AH BiaBoe Gonblie pac-
CTOAHHUA OT TOYKY O A0 CepeAvHH CTOPOHH BC.

B) Touku O, H 1 Touka M nepecedyeHHs MeJHaH TpeyrajbHuKa ABC
JI&XaT Ha OZHOM NpAMOH (npsmas Silinepa), IpU4€M ToOUYKa M JIeXKHUT Ha
orpeske OH uOM:MH=1:2.

T) Ecit BM u CN — BBICOTH TpeyronsHuka ABC, a O — LEeHTp OIU-
CaHHOM OKpYy¥HOCTH, To OA L MN.

A) Touku, cMMMeTpHUYHBlEe TOYKe IlepecedeHus BRICOT (OPTOLIeHTPY)
TpeyronsHuka ABC oTHocuTeslbHO mpsaMbix AB, AC u BC, nexar Ha
ONMCAHHOM OKPYXHOCTH TpeyroibHuka ABC.

e) Touku, cUMMeTpHUYHEIE TOUKe IepecedyeHUsA BBICOT TPeyrojbHUKa
ABC OTHOCHTEJIBHO CepeiMH ero CTOPOH, JIeXAT Ha ONIMCAHHOH OKPY>XHO-
CTH TpeyrosibHuKa ABC.

%) Ecumm AK, BM M CN — BBHICOTH OCTpPOYTOJILHOI'O TPEYyrOAbHUKA
ABC, To buccexTpHcH TpeyroabHuka KMN (opToTpeyroisHuKa Tpeyroib-
HUKa ABC) nexar Ha npaMbix AK, BM u CN. Eciu xe TpeyronbHuk ABC
TYTIOYTONbHBIH, TO Ha 3TUX NPAMBIX JIeXKaT GHCCEKTPHCH! ABYX BHELIHHX
Y TPETLETO BHYTPEHHETO YIJ0B TpeyroabHuKa KMN.

18. a) IIpou3BefieHHA OTPE3KOB IePECEKAIOLUIUXCsl XOpA OKPY)XHOCTH
PaBHBI.

6) Teopema o kacamenbHoll u cekyweti u credcmeue u3 Hee. Ecim n3
OAHOM TOYKM NpOBeieHbl K OKPYXKHOCTY KacaTejbHas U CeKyIas, TO TIpo-
M3BeZieHUe BCell ceKyleil Ha e€ BHEUIHIOIO YacTh PaBHO KBaJpaTy Kaca-
TeJBbHOM.

INpousBeaeHune Bcell ceKylueHd Ha eé BHEIUIHIOK YaCTh U1 AAHHOH TO4-
KM ¥ JaHHOH OKPY>XHOCTH IIOCTOAHHO.

B) IlpAamMasd, npoxojdAias yepe3 TOYKU IepeceyeHUs ABYX OKDYXKHO-
CTeH, eJIUT II0I01aM OGILYIO KacaTeJbHYIO K HUM.

r) OGuue xopAbl (WM MX IPOAOJDKEHHA) TPEX NOMAPHO IepeceKaro-
IIMXCA OKPY>XHOCTEH IIPOXOJAT Yepe3 OfHY TOYKY 60 apajiieNbHEI.

33aKJIIOYEHHBIA MeXJy OOKOBHIMH CTOPOHAMM, paBeH
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19. CpedHue nponopyUOHAIbHbBIE 8 NPSMOY20/IbHOM Mpey20abHUKe. BbI-
coTa MpAMOYTOJLHOIO TPEYroJbHUKA, NPOBeAEHHAA U3 BePUIMHH IIPAMO-
ro yrja, ecTb cpefjHee IIPONOPUMOHaIbHOe (CpefiHee reoMeTpHUYecKoe)
NpOEeKLVH KaTeTOB Ha TMIIOTEHY3y, a KaKABINA KaTeT ecTb CpeaHee IIpo-
NOpLHOHATbHOE FMIIOTEHY3bl ¥ CBOEH NPOEeKLIMH Ha THITOTEeHy3y.

20. a) Cnedcmaue us meopemst kocurycos. Cymma KBaZpaToB A1aroHa-
Jlelt MapannenorpaMma paBHa CyMMe KBaJpaTOB BCEX e€ro CTOPOH.

6) Popmyna dna mMeduansi mpeyzonvHuxka. Ecim m_ — MeauaHa Tpe-

o 1
YTONbHYKA, TIPOBE/IEHHAA K CTOPOHE €, TO M = 5/ 2a2+2b% -2, rae a
Y b — oCTayIbHEIE CTOPOHBI TPEYTOJIbHHKA.

21. Popmynast 0n8 buccekmpucbl mpeyzoabHukd. Eciiv a 1 b — CTOPOHBI
TPEYTOJIBHMKA, Y — Yroll MeXAy HUMH, | — OHCcceKTpuca TPeyrolbHHUKa,
NpoBeAEHHAA U3 BEPIUMHBL 3TOTO yIia, a a’ U b’ — oTpesku, Ha KOTOphle
61cceKTpHca JEJIUT TPEThIO CTOPOHY TPEYTOJIbHHUKA, TO

Y
2ab cos 3

a+b
22. dopmynst Ons nowadu mpeyzonvHuka. Ecim a, b 1 ¢ — cTopoHst
TPEYTOJILHMKA, @, 3 U Y — NIPOTUBOJIeKALe UM yTUIB, h,, hy ¥ h. — BHICO-
ThI, TIPOBEAEHHBIE U3 BEPIUMH 3THX YIJIOB, p — NOJYTIEPHMETD TPEYTO/Ib-
HHKa, R — pailyc ONIMCAHHOM OKDYKHOCTH, I, I';, Iy U I, — PaJUyChl BIIH-
CaHHOH Y BHEBIMCAHHBIX OKPY)XHOCTEH, KaCarolUXCsA CTOPOH a, b u ¢ co-
OTBETCTBEHHO, a S — IUIOLA/lb TPEYIOJIbHUKA, TO

= 12 =ab-d’b.

1 1 . b
S=3ah, S=gabsiny, S=%%, S=pr, S=(p-ar,
S= \/P (p—a)(p—b)(p—c) (dopmyna I'epoHa),
a’sinBsiny hyh,

_ 2 . . . el fiatnll - —_
S=2R“sinasinfsiny, S= ZsmB+7)’ S= 2sing’ S = Jrrhr..

23. a) Ilnouazk 4eTEIPEXYTOABHHKA ¢ TepIeHANKY/IAPHBIMH AHAroHa-
JIAMM paBHa IOJIOBHHE MTPOH3BeAeHUA JUArOHaIeH.

6) Tlromazp 1060ro YeTHIPEXYTONBHUKA PAaBHA ITOJIOBUHE TIPOU3Be/e-
HUA JHaroHajlerd Ha CUHYC yIVIa MEeXAY HHMH.

24. a) MeguaHa pa36uBaeT TpeyrolbHHK Ha ABa paBHOBEIMKHX.

6) Tpu MeauaHbl pa3bUBAIOT TPEYTONBHUK Ha LIECTh PABHOBEJIMUKUX.

B) Ecm mnomazp TpeyroibHMKa paBHa S, TO IJIOMAAb TPeYTONbHHUKA,
COCTABJIEHHOT'O U3 €ro MeJiMaH, paBHa %S .

r) Ecu Touka M aexuT Ha ctopoHe BC TpeyroasHUKa ABC WM Ha eé

Saams _ BM

IIPOAOJDKEHNH, TO S p anic = W
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A) Ecim Touku P ¥ Q AexaT Ha CTOpOHax AB M AC WwiH Ha UX IIPOAOI-
Saarq AP AQ
Sassc AB AC’

25. a) CepeauHEI CTOPOH JMO60T0 YeTHIPEXYTONBHUKA ABJAIOTCA Bep-
MIMHAMH [apajiienorpaMMa, IpHYEM IUIoLafb Napajie/orpaMMa BABOe
MeHblIle TUIOMA/{A YeTHIPEXYTONBHUAKA.

6) CepeayHEBI 1BYX IIPOTHBOIIONOKHEIX CTOPOH JI000T0 YeTHPEXYTOb-
HHKa ¥ CepeJyHH ero AuaroHanei 1mbo ABAAOTCA BepPIIMHAMU Napajuie-
JorpaMma, 6o JexaT Ha OZHOH IIPAMOM.

XeHHAX, TO

26. /lnaroHany 4eTHIpEXYToAbHUKA NIepPIIeHAUKYIAPHBI TOTAA U TOMBKO
TOI/a, KOI/]Ja CyMMBI KBa/IpaToOB IIPOTHUBOIIOJIOXHBIX CTOPOH PaBHBI.

27. Ecniv gnaroHanu AC ¥ BD yeTslpéxyronsHuka ABCD, BricaHHoOro
B OKPYXHOCTb paauyca R c¢ neHTpoM O, niepeceKaroTcd B TOYKe P H 1ep-
MeHAUKYJIADHEL, TO

a) paccrosfinye oT TOYKH P o cTopoHbl AB BliBoe MeHbIe CropoHs! CD;

6) meauana PM TpeyronsHuka APD nepneHAuKy/sipHa ctopoHe BC;

B) AB*+ CD?*=AD?+ BC?>=8R?, PA* + PB* + PC* + PD*=4R?;

r) IWIOWAAb YeThIpéXyroibHUKa ABCD paBHa %(AB -CD+BC - AD),
npuuéMm s moboro gpyroro yetsipéxyroasHuka ABCD ¢ TeMu Xe CToO-

POHaMM IUIOLAJb MEHEIIE, YEM %(AB -CD+BC-AD),

28. /IBe OKPYXHOCTH KacaroTcs BHyTpeHHUM oOpa3oM B Touke M. Eciu
AB — xopaa 60ibleil OKpy:KHOCTH, Kacawouasacs MeHblIled OKPY>KHOCTH
B Touke T, To MT — GuccexkTpuca yrima AMB.

29. Eciv BIMCaHHAs1 OKPYXHOCTB KacaeTcsi cTopoH AB 1 AC Tpeyrosib-
HuKa ABC B Toukax M 1 N, a P — To4ka nepeceveHus npsamoit MN c 6uc-
cekTpucoii yrna B, To ZBPC =90°.

30. OkpymcrHocms AnosnonuA. FeoMeTpHYeCcKoe MeCTO TO4eK, pacCTo-
AHMSA OT KDKAON M3 KOTOPHIX 0 ABYX JAHHBIX TOYEK OTHOCHATCSH KaK m :n
(m#n), ecTb OKPYXXHOCTb.

31. Teopema ITmonemes. CymMMa TNpoU3BeAeHUH MNMPOTHBOIMOIOXKHBIX
CTOPOH BIIMCAHHOTO YeTHIPEXYIOJbHHMKA paBHA IIPOM3BEJEHHUIO €0 JAva-
roHases.
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OTBeTHI

JuarHocTdeckas paGoTa

L5 LV/1+3c0sta, §-V143sinta. 2. % 3. V21. 4.372. 5.2V3.
6.%. 7.60. 8.2R. 9.45°. 10.%. 11.16,9; 2,4;: 143. 12. §R2J§. 13. 150°

n210°. 14.@. 1S.£.
c 2

§ 1. [ToArOoTOBHUTENLHEIE 3aJaYH

11 2. 12 2m, m, mv3. 13.3; 4; 5. 1.4.%. 1.5. 30°, 60°. 1.6. 30°, 60°.

b2(b2_a2) 4 a+/ 2(1+sina) a
1.7. 2—b2. 1-8. = -9- = . «
a‘+ V17 cosa sin (45“ + E)

TpeHUPOBOYHBIE 3a4a4H

110. v2mn —m, v2mn —n, n+ m — Yamn. 11. 5v2. 112. %

113. 2y 2—2—‘—;2—‘@ 114. 3‘@%2. 1.15. %5 116. 5. 3. 117. 9v5.

2bc
b+c’

1.18. %(1 + 2cos2a)’tg2a. 1.19. 40. 1.20. 30°, 60°. 121

1.22. 90°, 30°, 60°. 1.23.15v3. 1.24%75°. 1.25t %‘faz. 1.26% 110°.

§ 2. IToaroToBHUTEABHBIC 3aZa4YH

2msinf 2msina o 19
* Sinat B)’ sintat By’ 2.2. 30°. 2.3.270. 2.4. 5

2 2 42
2.7.6. 2.8.60°. 2.9.arccos M —¢ =b"
2¢ch

2.5. 30. 2.6. v/10.

TpeHHpPOBOYHbBIE 3aJa4H

210. 48. 211. 8. 212. 64. 213. 48v6. 2.14. %ﬁ. 2.15. %.
2.16* % Vv 2b? — 4qa2.
§ 3. [ToAroTOBHUTENbHBIE 3a4AUH
b2_a2
31.20. 3.2.v2. 3.3.ab. 3.4.4:8;4;:8. 35.1 3.6. 3.7. 2.

2
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TpeHMpPOBOYHEIE 3aXAYH
3.8.4v2,18. 3.9.|a—b|. 3.10.14. 3.11. 48. 3.12. @. 3.13. 5. 3.14. Q.
3.15. —\/c2+d2 +cdv2. 3.16. V42, 3.17. 60°, 120°. 3.18. 5. 3.19. a +b.

3.20. “}b. 3.21.90° 322 /2 wm /2. 323.4. 3244

§ 4. lToaroTOBMTE/NbHBIE 3afa4H
4.1.450. 4.2. 54 4.3.024. 4.4. 25 45.39umu9. 4.6.5. 4.7.90°. 4.8.9.

a2
4.9. 120°. b 4.11. 4b.

TpeHUpOBOYHBIE 33AYH

2
412. 4:3. 413. ,/ﬁ. 414. Vab. 4.15. 13—0R, 4R, 2R. 416. |[b2+ .

4.17. 4; # 4.18. % a’?+6ab+b% 4.19. 900 wwm 780. 4.20. %
4.21. 845, 4v5. 4.22. % 4,23, 40° wmm 80°. 4.24. 14; 12,5; 29,4; 16,9.
4.25. %. 4.26. 13. 4.27. %
2 2
g ;" . 431, 22. 4.32. %s Wwin %s. 4,33, 75°, 75°, 105°, 105°.

4.34. 30°, 30°, 150°, 150°. 4.35. %\/m2+n2. 4.36* 45°, 135°. 4.37* 3:29.
4.38* /S.

4.28. 28 wm 2Vi8L. 4.29. %ab.

4.30.

§ 5. IToaroToBHUTENBHBIE 3aaYH

51 9,6. 5.2. 2 53. V5. 54. 8 55 -2 56 D2 g, 243
a+b a+b 7
5.8. 4,8.
TpeHHpOBOYHEIE 3aJa4H

\/25 singsinfsiny \/25 sinasin@siny \/:'ZS sinasin g sm}' 29

5.9. - ; . : 5.10. ==.
sina sinf siny 5

511 1344, 512. 75 513. —%P _ 514 2 _ 515 6

1. 44, 512, - S8 oy S rogr SIS .

d 24 mn(m+n) V3 )

5.16. d4/2+ o 5.17. AR 5.18. w2l 5.19. 7 7. 5.20. 5.
2cos - +3

521 #® 522 =3, cE= &, pE= L34, —2[ 523 — 3 .
5 5 5 6cos 3 +1

5.24.2; S=1g72°=+/5+2+4/5. 5.25* ab—2a.
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§ 6. [ToAroTOBHTEIbHBIE 3aAaYH

6.1. 1:7, cuuras ot C. 6.2. 2:1, cunras or Touku B. 6.3.5:24. 6.4, 8:13,

6.5.20:21;6:35. 6.6.5:6;8:25. 6.7.1:2. 6.8.1:6, cuHTas oT TOYKH A.

6.9. 1:3, cyuras or Touku A. 6.10. 9—_{—”.

TpEeHHPOBOYHbIE 3aJa4H

611l n:m. 6.12. 3:1, cuurada ot BepuimHel A. 6.13. 1:1. 6.14. 4. 6.1S. 10.
6.16. 2v6. 6.17. 1:3. 6.18. 3:1. 6.19. 1:4. 6.20. vI3. 6.21* 1:2.
6.22%a)1:1,5:9;6) 5:21. 6.23*4:3.

§ 7. [ToAroTOBHTEABHBIE 3aZaYH

13 2 1 1 S
711 7.2 20" 7.3. s 7.4. 3 7.5. 3 7.6.18v2. 7.7. 7

TpeHHpOBOYHEIE 3aa4H
1 2mn S 1 +S 2

78.  2y/85,. 79. . 7.10. e 7.11. 5 7.12. 120

703, (V5 + V5,08 714 2. 715 5. 716, 25 717 —% . 718, 1

13. . 2’ 714 . 715 5. 716. 25, 707 5. 718, o

b(3a+b)S . 1 o QP 4E° 2

7.19. T 7.20.2:1. 7.21 zd. 7.22.45°, 90%, 45°. 7.23.9 =3
2+/5,(5,+55)

7.24.(1/§1+1/§2+1/§3)2. 7.25.%. 7.26. 3. 7.27.#}:@.
{/4s% —s2

(Isiny +msina+nsin §)?
2sinasin B siny

7.28. 7.29. 2./pq. 7.30. 13 :23. 7.3L 1 + 3k.

1
7.32. 7

§ 8. [ToagroToBHTENILHBIE 33Ja9H
8.1. 45°. 8.2. 80°. 8.3.12 u 20. 8.4. 1:3, cumran ot Touku O. 8.5. 9.

a

8.6.24. 8.7.2(r+R)wm 2(R—r). 8.8. - 8.9.90°. 8.10.r%(2v/3+3).

2 —
cos 2

a+b

8.11. )

8.12.8u15.

TpeHHpPOBOYHBIE 3aAa4H

8.13. 2. 8.14. 23—0 8.15. 48 u 30. 8.16. 14. 8.17. 10. 8.18. 15 wm 3.

819. %8 54 gop, 9P (2TP 5. 10 g2 JIar. 8.23.90°, 45,
7° 7 sina 2 17
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45° mam 90°, arctg3, arcctg3. 8.24. sin2a. 8.25. 2v/9+6+v2. 8.26. 150

.2
873‘/_ 8.28.8

§ 9. lToaroToBHUTENIbHbIE 3aJa4H
9.1. R, 60°, 60°, 60°. 9.2. 9. 93. 84. 94. 4. 95. 24. 9.6. 55.
9.7. R(WZ+1). 9.8. 2. 99. 'Rzz;az'. 9.10. 60°. 911 3r. 9.12. 1:3.
9.13. 6rv3. 9.14. R(2v/3-3). 9.15. —

a+b

TpeHHpPOBOYHEIE 3aa4H

2 2
9.16. 8. 9.17.3v2. 9.18. %. 9.19. 3:2 wm 1: 2. 9.20.%tga,gctga.
2TR o .
9.21. 7. 9.22. +R. 9.23. 2r 5+ 924.8. 9.25.30°. 9.26.3:2. 9.27.3
Rr 15 20
9.28. 2VRr, 2r,/ , 2R R+ 9.29. =l s 930-6. 931 5
9 9 9 9
9.32. 1 9.33. 12. 934. 7 wm ;. 935. o5 wm 5. 9.36. 2% 5‘5'
937. 2V2T — 9 wm 3 + 2v3. 9.38. — R g3 ayf1£ %,
v r2—rR+R?
9.40. b\/k2xk. 9.4 ? 9.42.2/2. 9.43.127. 9.44. ‘/5. 9.45. 2r /5.
4(2£/3) a .
9.46. == 9471 3. 9.48.R_r.
§10. IToArOTOBHTEIBHBIE 3aJa4H
av2 2a av2 2a
1. 24, 10.2. . 10.3. 2V/3. 104. a.
10.1. 24. 10.2 Al 7o ™™ Bl Ao 0.3. 2V3. 104. a
a+b la—b| b
10.5. wm ——. 10.6.
TpeHUpOBOYHEIE 3a/ja4H
384 345 6 n—m
107. ;. 108 == 109 = 100, >—- 1011 acosa.

10.12. | ctgaly/a? + b>— 2abcosa. 10.13. %.
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§11. IloATOTOBHUTE/ILHBIE 3a4aYH

1.1 4. 11.2. 30° wm 150°. 11.3. R%tga. 114. “”2"‘: 11.5. % 16,3, 2.

169 10 15 65 b—a a? + b?
11.6. 4, 35,1212 117 2, 4, 2,12 4. 118, 75-. 119, \/—2—.
11.10. 3.

TpeHHpPOBOUYHEIE 3aa4H

11.11. Bue; @ 11.12. arctg%, arcctg%. 11.13. 2RV2. 11.14. V3.
b

1.15. v3,2V/3 wm 2v3,V3. 1116, 165 wm 105°. 1117 Z-

2cos —

2
1.18. ———. 1119 2\/%. 11.20. % 11.21. 36°, 36°, 108°.

1/4(12_1)2
2 1 . @ 1 a
11.22.tg§sm2<p. 11.23.§(p—a) tg5- 11.24. Ep(p—a)tgi. 11.25. 13 u 15,

3
1126.5. 1.27.16. 1128.4V3. 1.29.1 1.30.2 1L3Lb+p. 1132 -

11.33.9:14. 11.34.2. 11.35.30°,90°. 11.36.ctg’a. 11.37. 9‘/_. 11.38. -S—RZ.

11.39. V3. 11.40. 45°.

§12. IToaroToBHUTEIRHEIE 3a4aYH

12.1. 2v/ab. 12.2. ‘“:bd. 12.3. 1. 12.4. 12 wm 3v2. 125.02. 12.6. |R* —
2a 2ar o
7. 7% 128. T 12.9. v/2a(a +b) uam /2b(a+b). 12.10. 90"

TpeHHpOBOYHEIE 3aaYU
251 (\/ sin® B+ 8sin® a —sin /3). 12.13. g 12.14. V2.
\/az +b2+2absing

12.11. g 12.12.

12.15. %(\/511). 1216. ¥v5 +1. 1217 210. 12.18. _
2cos —
2
12.19. vi0. 12.20. %. 12.21. -f; 12.22. 159 12.23. g. 12.24. 2.
12.25. ‘/_ 1 12.26.40. 12.27. %‘Zl‘fﬂ 12.28. 1. 12.29. 2(5 +2v3).

12.30. Ja_ . 12.31.5:10:13. 12.32. V7R, \/g. 12.33* 8k —1. 12.34* /3.
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§13. [ToaroTroBHTENRHEIE 3a4a4H
13.1. 110° u 250°. 13.2. /MAB = /NAC = 40° wmn ZMAB = ZNAC = 140°.
13.3. 35° wnu 55°. 13.4. 40°, 80°, 60° wm 60°, 20°, 100°. 13.5. 96°, 132°, 84°,

48°. 13.6. 3. 13.7. 25°. 13.8. 2[cos Bl 13.9. 50°. 13.10. 25°. 13.11. 81°.

13.12. V2. 13.13. ‘”%

TpeHHpPOBOYHEIE 3aXa4H

acos =2

13.14. ——2—. 13.15. ZBAC = 110°, ZBCA=30°, ZDCA = 60°, ZDAC = 80°.
sin(f + a)

13.16. 80°. 13.17. 30°, 40°, 110°. 13.18. arcsinZ. 13.19. n 13.20. £

b 3
13.21. 1; 1; +/3; 120° 30°; 30°. 13.22. 90° + a, e a £ 45" 90° — a, ec-
M oa > 45°. 13.23. % 13.24. 80°. 13.25. 15°. 13.26. 2rZsin’asin2a.

V49-9tg%a 2 1

8 o (=] -]
13.27. 3 13.28. ~2sma 13.29. 3 13.30. 2o’ a 13.31. 90°, 60°, 30°.

2 _ 42
1332, 160° - 20. 1333, 222 13.34. ?cig %, 13.35. L. 13.36. V3.
2

13.37% ZA=60°, £B=15°, ZC=105° wm £LA=60°, ZB=105°, ZC=15°. 13.38:1

§14. [ToaroTOBHTEABHBIE 3aJa4H
14.1. 4, 8, 12, 16. 14.2. 10. 14.3. 3“;%. 14.4. f"’—b. 14.5. 274 14.6. 12.
14.7. % 14.8.113. 14.9.4,6, 4, 6.

TpeHHpPOBOYHbIE 388K

1410. 1 u 2 1411 35 1412, 1: 1. 1413. 222 1414 VR
a+b’ R+r

2 2
14.15. \/w \/2“ +35  1416.2. 14.17.5, 20, 225, % 14.18. 2.

14.19. ¥ 14.20. Vab. 1421 3. 14.22. "‘TC 14.23. \/a(a+b).

2
ap R?
14.24. /pq. 14.25. - 14.26. 2. 14.27. /2. 14.28. e 14.29. ./pq.
14.30. y/a(a—-b). 14.31% %E. 14.32: \/E. 14.33* Vab. 14.34: E‘I,JS

§15. IToaroToBHTEbHBIE 3a4a9H
c@+b2=c%)

15.1. 1. 15.2. Scos’a. 15.3. 60°, 40°, 80°. 15.4. 30°. 15.5. 4ab

15.6.%\/a2+c2+ac. 15.7. v/ a2+ b2 +2abk. 15.8.10.
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TpeHupOBOYHEBIE 3aJa4H

V6

15.9. 5 15.10. 83 wm 24. 15.11. 60° wmn 120°. 15.12. 45° wm 135°.
25 24
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15.13 35 15.14. 45°,75°,60°. 15.15.30 5.16 S 5.17.13. 15.18.340
,5_9_ 1 2 * m? —h?
15.19. g 15.20. 24 ctga. 15.21% h

JuarHocTudeckas pa6ora 1

9 240 o 24 o 4.4
wm 3. 2. 5=, 3.58°. 4.1180. 5.3. 6. =;3;4;3; 4.

JnarHocTryeckas pa6ora 2

1. 2v/97,48. 2.2R. 3.03. 4.2V3. 5.?;—6. 6. a.

JuarHocTdeckas pabora 3

125,45, 2.2(rctg S +2Rsina). 3.8, 6 wm 4, 12. 4. v/a(a+b), y/b(a+b),

(a+b)?
—

5.4. 6.

JAuarHocTHyeckan paGora 4

115 2.2(vV3£1). 3.2. 4. V37 umm /57, 5.4. 6.1+ V3.

JAuarHocTuyeckad pa6ora 5

2rRVTR 2 1 9 1
1. 6. 2.96. 3'r+—R' 4.5. 5.§mnﬁ. 6.5.

JuarHocruyeckan pa6ora 6

Llwms. 2.5 3.2 4.%‘5. 5.6wm4. 6.R.
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